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Many problems in all branches of science and engineering when analysed for putting
in a mathematical form assumes the form of a differential equation. An engineer or an
applied mathematician will be mostly intrested in obtaining a solution for the
associated equation without bothering much on the rigorous aspects like the proof,
validity conditions, region of existence etc. Accordingly the study of differential
equations at various levels is focussed on the methods of solving the equations.

If y = f(x) is an unknown function, an equation which involves atleast one
derivative of ¥y w.r.t x is called an ordinary differential equation which in future will
be simply referred to as a Differential Equation (D.E).

The order of the D.E is the order of the highest derivative present in the equation and
the degree of the D.E is the degree of the highest order derivative after clearing the
fractional powers.

Finung y as a function of x explicitly [y = f(x)] or a relationship in x and y
satisfyingthe D . E [f(x, y¥) = ¢] constitutes the solution of the D.E.

Observe the following examples along with their order and degree.

1 gf = 2x [order = 1, degree = 1]
2

2 (g] +3 [%J+2 =0 {order = 1, degree = 2]

3. %+w2x = lorder = 2, degree = 1]

3 2 . 3
d—-11+5 [MJ+L%J = sinx forder = 3, degree = 1]
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3 2
5. (r2+r§) =1'2+2r§—-rr2 where r1=gé, ’2=%

Here we need to clear the fractional power 3/2 by squaring both sides.
2
(r2+r§)3 = [r2+2r%—rr2)

_ Observing the term r% in the RH.S we conclude that the order of the equation is 2
and the degree is 2.

General solution and particuian soelution

A solution of a D.E is a relation between the dependent and independent variables
satisfying the given equation identically.

For example y = & is a solution of the D.E

%-383" = 0 as we could see that

Edi (e¥)-3e* =3 -3 =0
Also x = 2coswi+3sinwt is asolution of the D.E
2
d_?x + wx =0 as we have,
dt

:?::5 (?_cos wt+3sinwt)+w2(2coswt+35inwt)

= —2u? cos wf - 3’ sinwt + 2u’ coswt + 3:02 sinwt=0

Now let us lon! Lt the first of the above example ir. il reverse way.
That i< {0 consider the D.E :

@ _ 3¢ =0 and try to find y.

dx
Le., % = 3¢ and to find y we need to get rid off —;; being the differential
operator. Obviously we have to use anti differentiation, that is integration.

dy _ 4 3x

ax = ¢ :

X

= y=j3e31dx+c e, y =3 S +c
T y= &* +¢, ¢ being the constant cf integration.
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Integration is directly or indirectly involved in the process of getting a solution of the
given D.E and accordingly the solution will be involved with arbitrary constants. Such
a solution is called as the general solution of the D.E. It is obvious that the number of
arbitrary constants present in the solution is equal to the order of the D.E.

In the first example we verified that ¢** is a solution of the equation v ' -3¢™ = ¢

We obtained y = & +¢ as the solution by solving the equation, ¢ being arbitrary.

The solution i = ¢ is a particular case of the solution &* + ¢ {for c = 0)and

accordingly itis called a particular solution and the same can be interpreted as follows.

If the arbitrary constants present in the solution are evaluated by using a set of given
conditions then the solution so obtained is called a particular solution. In many
physical problems these conditions can be formulated from the problem itself.

In the discussion of the first example, let us consider the initia! condition y(0) = 1
Thatisy = 1 when x = 0.

The general solution y = ¢** + ¢ becomes

0

1=¢+4c or 1 =1+c¢ whichgives ¢ = 0.

Thus y = ¢ isa particular solution of the D.E. In this context we can also say that
the solution of an O.D.E is unique in the sense that, the solution can differ only by
constants. It may be just noted that the general solution of the D.E

dzx 2 . .
—twix = 0is x = clcoswt+czsmwt
dt

Suppose we impose the conditions x(0) = 2 and x"(0) = 3w which means that

x =2, ?J: = 3w when t = 0, then we obtain ¢, =2and ¢, = 3.

It is equivalent to saying that x = 2 cos wt+3sinwt is a particular solution of the

DE: ——2£+w2x = Q.
dt

In this chapter we first discuss various methods of solving differential equations of first
order and first degree.

Note : Basic integration and integration methods are essential prerequisites for this chapter.
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Recollecting the definition of the order and the degree of a D.E, a first order and first
degree equation will be of the form

% =f(x, y) or M(x, y)dr+N(x, y)dy = 0.
The mainly classified four types of differential equations of first order and first degree
are as follows :
1. Varables separable equations
2. Homogeneous equations
3. Exact equations
4. Linear equations

If the given D.E can be put in the form such that the coefficient of dx is a function of
the variable x only and the coefficient of dy is a function of y only then the given
equation is said to be in the separable form.

The modified form of such an equation will be,

P(x)dx+Q(y)dy = 0. Integrating we have

IP(x)dx+JQ(y)dy =c
This is the general solution of the equation.

>> sec? x tan y dx+sec2y tanx dy = 0

Dividing throughout by tany - tanx we get

2 2

sec” x sec’y . , .

tanx “  any dy = O (Variables are ceparated)

2
sec x sec’y ,

= -[ tan x dI+I tan y dy = ¢
ie., log{tanx)+log(tany) = ¢
e, - log(tanx - tany) = logk {say)

Thus tanxtany = k is the required solution.



RECAPITULATION OF THE METHOD OF SEPARATION OF VARIABLES

>

ie.,

or

Thus

>

or

or

G Pty 20
dx

j‘i_ — 2y, I3x
dx_e (¢ +x2)

e_‘_i% = (& +27)dx by separating the variabl.es.

Iezydy— _[(e3x+x2)dx =c

y X
5:— - % - % = ¢, is the required solution.

xy BH =1l4+x+y+xy

E_V_ = (14x)+y(i+x)
31 = (1+x)(1+y)
{_}; ~ dx by separating the variables.
Yy o 1+x _
1+ydy I . dx =¢

II—:%d frax- [1ax=c

jldy— jllTydy—logx—x =

yv-log(l+y)-logx—-x =¢

(y=x)=logl x(1+y)]

¢, is the required solution.

375
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Note : Some differential equations can be reduced to the variables separable form by taking n
suitable substitution. We identify a few types of equation along with the associated
substitutions.

(D

(i1)

i

dy
dx
dy (a»+by)+c
dx  k(ax+by)+c

= f(ax+by+c) ;

o :_-'_":_' L R T

'
STy
al

We have ¥ = (9x+y+1)?

substitution: f = ax+by+c¢

" ; substitution: t = ax +by

>> - (1)
_ od g oy dt o dy
Put t=9+y+1 .. dx_9+dx or — —9_dx
dt 2 dt
Now (1) becomes - -9 = or dx-t2+9
di 1yt
Hence = | dx+c¢ ie, - tan —i=X=c
'[t2+32 j- 3 {3}!
Thus % tan™? (9'\;—-!-:;211} —x = ¢, is the required solution.
Goly - S VY
h A 2 4
>> Wehave 9L = {Ety)+1
dx  2(x+y)+3
A = . ._d_t.._ EH ﬂ _EH
Put t=x+y .. dx_l+dx or dqu_dx
The given equation becomes,
at _t+1 or _cgi_1+t+1
dx ~ 7 2t+3 dx 7 2t +3
. dt 2t+3+t+1 dt 3t+4
ic., —— ————— or G =
dx 2t+3 dx 2t+3
e, 2o ax
3t+4
2t+3 _ )
= 3f+4dt fdx—c - (15
Let 2t+3 = {(3t+4}+m
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or 2t+3 = (3)t+(4l+m)
= =2 and #4+m =3

1=2/3 and 8/3+m =3 or m = 1/3.
Thus 2f4+3 = 2/3.(3t+4)+1/3

2/3-(3t+4)+1/3 ~

Hence (1) becomes J At rd dt ~ jdx = C o

, 2 10 dt |

€., 3I1dt+3 3t+4—x—c ;
. 2 1

ie., —3-+-§log(3t+4)-x=c,wheret=x+y _

L]

-2-—(%3—1+élog(31+3y+4)—x=c '

Thus % (2y—-x) + %log(3x+3y+4) = ¢, is the required solution. i

SR oL iy G T
g _,..l

R YRR IES SUR I $ 733 F DRSET ST LIS R {

A function 1 = f(x, y) is said to be a homogeneous function of degree ‘n’ if
w=1x" g{yx)oru=y" g(xty)

—
=
]

2x + 3y

w=x[2+3(y/x)] = xlg(y/x)
= u is a homogeneous function of degree 1.
2. .u = ¥ —xy+y2

=2 (1= (y/x)+(y/x)] = 2 g(yrx)
= u is a homogeneous function of degree 2.
3 u = xy2+12y

N o= x3[{yz’x)2 +(y/x)] = IS g(y/x)
> u is a homogeneous function of degree 3.

Note : Int these examples we observe that the total degree of the terms involved in each of the
functions are respectively 1,2, 3 and hence the homogeneous aspect can be recognized instantly.
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xcos (y/x)+ysin (y/x)

3. u =
u=x[cos(y/x)+(y/x)sin(y/x})] = xlg(y/x)
= 1 is homogeneous of degree 1.

5. u=r2tan(x/y)+y2
u = y2 [(Jtr/yr)2 tan (x/y)+1] = yzg(xf‘y)

= u is homogeneous of degree 2.
6. u=xlogy—xlogx

u=x{logy~logx) = xlog(y/x) = g (y/x)

= u is homogeneous of degree 1.
7. u=y+\fx7
w=x[(yx)+s Ny ) = xL(wx) + /g | = 2L (we) +Vy7e ] = 2 g (y/x)

= u is homogeneous of degree 1.

8. u = \J?+y2
w= NP1+ (yw/x )] = xN1+(w/x)? = P g(y/x)

= u is homogeneous of degree 1.

Remark : These examples gives an insight to recognize the homogeneous aspect of functions
along with the associated degree instantly.

YT e sergree s

A DE of the form M(x,y)dx+N(x,y) dy = 0 is said to be a homogeneous d e
if both M{(x, y)and N(x, y)} are homogeneous functions of the same degree.

We prefer to have the differential equation in the form 3‘% = g((%yyﬁ))
after recognizing that the D.E is a homogeneous one.

We take the substitution ¥ = v x so that,

Yo 14x%
I =0 1+xdx , by product rule.

[ Since both f(x, y) and g(x, y) are expressible in the form x" F (y/x) it will be
feasible to take a substitution for y/x. Thus if v = y/x thenitis obvious thatv isa function
of x as y isafunction of x. For convenience we take y = vx and then differentiate w.r.t x}
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Substituting for y and % the given equation after simplification converts into an
equation which can be solved by separating the variables v and «x.

Finally we substitute back for v which is equal to y/x.

If the coefficientof dx and dy involvestermswith (x/y) then wehave to write the

: . o dx s
equation associated with &y and use the substitution x = vy.

o d d
This gives d_; =v-1l+y E;l . We then proceed as described earlier.

T
oo

P

(Observe that the coefficient of dx and dy are homogeneous functions of degree 2)

> Wehave W .2-¥ L)
dx Xy
oy . Y _ dv
Put y=uvx o oogo=vtx o
2 .22
Now (1) becomes, v+x? SX-TX
X X -Ux
. - dv X (1-v%)
ie., x g = W
. v 1-v* Lo 1-20
i I T VO YT e

v dx
dv = — , by separating the variables.
1-2° x 0 PREE

= I 4 dv—]-%=c

1-207
. 1 2
fe., -2 log(1~2v")~-logx =¢
ie., log(1—2v2)+4logx=—4c

i, log[(1—2vz)x4] = logk (say) .- 4logx = logx‘l

or (l—2v2)x4=kwherev=y/x

ie., (1—%—?){‘ =k or 2(?-28%)=k

Thus -2 y2 = k, 1isthe required solution.
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(Observe that the coefficient of dx and dy are homogeneous functions of degree 3)

>> The given equation can be written as,

dy _ 2y 1
i e e
Put y=vx .. %: v+xg%
dv 2 ovx

Now (1) becomes, v+x yla m

ie v+xd—v——*‘£’—v“—‘ ot x@— T
Y dx B (1+0) dx 147
ie xd—v—~—~————U_v_ﬂ‘<]l or xd_v__—-v“
! dx 140° dx  14+9°
3 -
1+v dv = dx, by separating the variables.
'k x
i 1 dx
= .[;Idv+.[;dv+ —;=C
-3
, U
ie., — tlogv+logx = ¢
. 1 ¥
ie., ——= +log{vx) = ¢, where v =
3 g (vx) .
- . . .
Thus — +log y = ¢, is the required solution.
3y’
>> The given equation can be written as,
d o3y (1)
dx 3 _3xy? o

Y .
Put y=ux .. dx—v+x ix

38322,
Now (1) becomes, v+x dv =PT___31_:2___112{
dx x _31'0_2,1'
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3 (4%~ 30) 3
ie., U+x£9=x v -3 or xgﬁ:v 32—0
dx P (1-34) dx  1_ 3y
, dv v -3v-v4+30°
ie., X o= =
dx 1-30°
: dv  4(P-v) 1-307 dx
ie., X g =" or ———dv=4—
dx 1-3v° v X
_ a2
Hence J133U dv—4 E:c
v -v x
2—
or —_[31; 1dv—410gx=c
v -v
e, —Iog(vs—v)—logx4=c
ie., log[(va—v)x4:|=—c=logk (say)
= (*-0)x* = k, where v = y/x
ﬁ_z 4 _ 3.3 _
{xs x]x k or xy'—x"y=k

Thus xy-x'y =k isthe required solution.

ay _ _¥__
>> Wehave dx—x—{x-f A1
(Observe that both the numerator and denominator are homogeneous functions of degree 1)
Put = .- v+x dv
u y=ux o o= 3

Now (1} becomes, v+x 32 =Y
X  x-—-vx.ovx

e v+x§‘£—“——£{-—or xig— v -v

6 dx ~ x(1-Vv) dx ~ 1-Vo

e xib_*_v-v+v\5 or J(d_v_ vVv

N dx = 1-Vu dx ~ 1-vp
1-vVo dx

v VU dv="r
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~3/2 5, [dv _ rdx
= Iv dv ” Jx = ¢
~1/2
ie. v —logv-logx = ¢
! -1/2

. 2 o _
ie., E*rlog(vx)- ¢ =k (say) where v = y/x

Thus 2vYx/y+logy = k is the required solution.

>> Wehave (y-x) = (y+x)%¥

or _4,11=y_:£ (D
dx  y+x
_ L4y dv
Put y=vx . dx—U+x I
de wvx-x
Now (1) becomes, vHx oo =
Cdx px+x
. dv  x(v-1) dv v-1
ie., v+xdx—x(v+]) or xdx_u+1
) xd_v_v—l——vz-v or x@__(l-kvz)
e x - vt1 dx = (v+1)
v+1 dx
v =~
1407 x
Jvdv dv dx
= 2+I s+ 1 —=¢
1+ 1+v X
ie 1 og (1442 “ly+logx =
" 2og( +v°)+tan “v+logx = ¢

ie., 10g|:\h+02 . x]+tan'1v = ¢, where v = y/x

log[\’l+(?/?) -x]+tan_1(y/x) =c .

Thus log N2 + v +tan Y (y/x) = ¢ isthe required solution.
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A, e vy ude = Vs
>> We have xdy=|:y+\fx2+y2:|dx
o Wyl

dx x

- . 8y _ dv
Put Yy = ox "dx_v-'-xdx

dv vx+‘J?+vzx2

Now (1)becomes v+x dx - x

x| v+¥1+
ie., v+x@-= [ ]or :rrd—v=\‘1+v2

dx X dx

ie., sinhi~ 1 v-logx = ¢, where v = y/x.

Thus sink1( y/x)—logx = ¢ is the required solution

Note : j\hd_uvf is also equal to log(v+\ll+t_)2)
+

Then the solution becomes log [ % + V14 (y°/x) ]— logx = ¢

ie., log[LL—giﬁ/ x} = ¢ = logk (say)

., u\%zk

Thus y+ Vi + y2 = kx®, is the solution.

o W _xy-y

383

(1)

(1)
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dv  x-px—-v°2
Now (1) becomes v+xa = —_.-_1-2-_———

2 —
dv x“(v vz)or xdv 2

fe., vhx = 2 =
% = - ‘—i-:—r by separating the variables.

dv dx _ 1 _y
Hence '[vz + I L ¢ - +logx = ¢, where v = o

Thus logx ~ - = ¢, is the required solution,

X
y

Remark : The presence of terms involving y/x or x/y in the equation, can at once be
recognized as a possible homogeneous eguation.

We have ay = 'li + sin[z] . (1)
dx  x x
y_ - oy dv
Put y-vory=vx Lo =vtx
du ,
Now (1)} becomes v+x ol v4siny
. v ) dv dx
ie., X 5 = s5Nnv or N = —
. dx sinv &
Hence Jcosec vdy — dx =
X
e., log (cosecv—cotv)—logx = ¢

or

cosec v ~ cot v
lo -5

] =c = logk (say)

= cosecv—cotv = kx, where v = y/x

. Thus cosec{y/x)—cot(y/x) = kx, is the required solution.
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dy v, L
>>» Wehave qu+x+x2 ‘ ... (1)
Put %=vory=vx 5‘-'!

Now (1) becomes v+xd—w=l+v+v2

dx

. dv dv dx
., x 5-=1+2% or = —

dx 1404 X

dv dx
Hence -J—=c

‘[ 1412 d

fe., tan™! v—logx = ¢, where v = y/x

Thus tan™*(y/x)-logx = ¢, is the required solution.

>> The given equation can be written as,

dy ysecz(y/x)—xtar\(y/x)

- (1
dx xsecz(y/x) @)
¥ cor o W ®
Put Lo rvory=vx . ax = PYX o

—xt
Now (1} becomes, v+x dv _ v xsec* v—xtan o

dx xsect v

. du x(vseczv—tanv)
ie., V+x o =

dx x sec® v

: dv  vsecv—tanv
€., X H"" =

X sec v
ie x@_vseczv-—tanv—vseczv
' dx sec? v '

dv -—tanv seczv dx
ie., x = or dy = ——

dx se v tan v



386 DIFFERENTIAL EQUATIONS

sec v dx
Hence J tan o do+ 3 c
ie., log (tanv)+logx = ¢

or log(tanv-x) = ¢

log k (say),
= xtanv = k where v = y/x

Thus xtan(y/x) = k, is the required solution.

>> The given equation can be written in the form

d
E¥=¥[log(y/x)+l] (1)
d dv
Put y=vx .. E¥=U+IE;
Now (1) becomes v+xg-z-=v(logv+l)
. dv ) dv_ dx
ie., x 4, = vlogv or logo ~ X
Hence Ill/v dv- dx =
og v x

ie., log(logv)-logx = ¢ = logk (say)

ie., log (logv) = logk+log x

ie., log (logv) = log (kx)

‘: logv = kx where v = y/x

Thus log{(y/x) = kx, is the required solution.

>> Wehave, [x—-ylog(y/x)]dx + xlog(y/x)dy = 0

Hence dy _ylog(y/x) - x

dx xlog(y/x) . 2o ()
This is a homogeneous equation.
d dv
Put y=vx . =0 +Xx 5

dx dx
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Hence (1) becomes,
v_l_xd_v:vxlgngx
dx xlog v

ie. I@i:vlogv—l_
dx logv

e, xg_q=ulogv—1—vlogv
dx logv

ie Ci—

v dx ~ logv

or logvdv=—%

= Ilogv—ldvi-‘[%{:c

ie., logv-v—Jv-%dv+logx=c
ie., vlogv-v+logx = ¢

ie., v(logv-1)+logx = ¢ where v = y/x

Thus (y/x) [log(y/x)~11+logx = c, is the required solution.

>> Wehave xzdy = —-(x2+7xy+16y2)dx

dy (P +7y+164°)
dx 2

Cymox n W,
Putl y=oux o 0= U o

or

e 2, 1602
Now (1) becomes v+x dv (" +7vx"+16v 2)

dx »
i o+ 5‘-’«—(1+7v+16v2)
ie., XL
, dv 2
e, X3 = (16" +8v+1)
dv dx

or ———— = — == by separating the variables.

1607 +8v+ 1 x VP &

I dv dx

b—3 |+ =

(40 +1) x

387
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. (do+1)! _
., TTi.a +logx =¢
ie -l 1 +logx = ¢, where v = y/x
” alawar |TOBEES -y
1 X
_4(4y+x]+logx—c o A2)

This is the general solution of the equation.
We have the condition ¥y (1} =1 Thatis y =1 when x = 1.

_ 1
20

1 X 1
Now  (2) becomes _1[43;+x}+103x = =55

Hence (2} becomes —%+0 =¢c &=

ie., 5x—20logx(4y+x) = dy+x
ie., 4x -4y —20logx (4y+x) =0
Thus x-y-5logx(x+4y) = 0 is the required particular solution.

>> Put y=vx ii‘E=v+.1c—-—

Now the given equation becomes

dv x+2vx
vHYX— & ———

dx  2x+vx
v+x§g_l+2v
dx ~ 2+v

dv 1+2v
ar x -7

E 2+v
ie chg-*lmﬂ2 or 2+vd _d_x
v dx— 2+ 1—7_}2 x
24U dx ‘
'[l 7 dv—.[?=c
dv dv
2 + -logx =c¢
1-% Il—& B
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NG
(

l1+v
105[(1—::)\/1-1;2::]:105“3@)
= 1+v=kx(1—-v)\r1—_vz_
e, 1+v=kx(l-v)Vl-v Vl+9
ie., Vi+v = kx(1-v)Vi-vp wherev = y/x

ie., \I(x+y)/x =kx [x—_i} V(x-y)/x

ie., Vx+y = k(x-y 2
 Thus x+y =K (x-y)*, isthe required solution.

Nln-a

J—%log(l—vz)—logx =c

J_log[mf

( As we observe terms with x/y ,we need to express the equation relating to dx / dy and the
terms are homogeneous functions of degree 0)

>> Wehave (1+e™¥)dx = ex”y(f——l]dy

e""y(fq]
dx y

of ax _ ' o)
dy  (1+67)

X dv
Put - = xX=vy .. =v+
u y v or y dy ydy
Now (1) becomes, v+y-§,§- = ~(—i‘v—vl)l

+e

e €(v~1) —o or dv _v-e’-v-p
! ydy 1+¢6° y dy 1+€”
ie _dg___;e”+u! or 1+¢° dv _ _dy
! Y dy (1+€%) &+v y
Hence IM I_z_

€+U

ie, log (¢’ +v) +logy = ¢
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or log[(e"+v)y] = logk (say)
= (e +v)y = k, where v = x/y

Thus ye€/Y+x = k, is the required solution.

>> Wehave [x+ycot{x/y)]dy = ydx
dx _ x+ycot (x/y)

)
dy y (1)
Put E—vorx—v 'dj~v+£
y Yy ay TV Vay
Now (1) becomes, v+yj—: = m—yymj
) dv _ y(v+cotv) dv
€., Uty = — = cotv
’ Yy y Yy
v é}i by separating the variables
coty ¥ y separating ar '

= .Itanvdv-j%:!=c

ie., log (secv)~logy =c¢ or log[—se—;—t—}] = logk (say)

Hencewehave secv = ky, where v = x/y

Thus sec(x/y) = ky, isthe required solution.

7

1 S e

>> Wehave [y+xsin2(x/y)]dy = ysin® (x/y ) dx
dx _ y+xsir12(xx’y)

dy y sin ( x/y)

(1)

Put £—vorx—v ‘E—v-f- @
y o ay Tt gy

.2
Now (1) becomes, v +y % - yruysmy

_ ysinzv
ie v+y§g_y(1+vsinzv) or d_v_l+vsi:12v_
! dy y sin® v / dy sirf v
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ie y & dv 1+vsmzv v sird v or gg_ 1
' a'y sin’ p Y A sin?y

sin vdo = %:'{ by separating the variables.
.2 d 1-cos2v
Ism vdv-—jﬁfzc or J——z—dv—logy=c

ie., % Idv-% Igos2vdv—logy=c

ie., g_sn 2v —logy = ¢, where v = x/y
2 4
Thus — %sm(Zx/y) logy = ¢ is the required solution.

2y
Consider the differential equation in the form :
{(axtby+c)dxt (Ax+by +)dy =0

We first express the equation in respect of % and the procedure is narrated by taking

gz:—-——L?x‘l.b, +C, where%aEE z.f (1)
dx  a'x+by+c a v

This condition implies that there are no common factors for the x and y termsin the
numerator as well as in the denominator. .

Put x = X+h, ¥y = Y+k where h and k are constants to be chosen appropriately
later.

dy dy dY dX
Now o =3y 4X dx
dY dy _dY
IdX 1 Hence a = dx

As a consequence of these (1) becomes
dY  a(X+h)+b(Y+k)+c
dX ~ d (X+h)+V (Y +k)+¢

Y  (aX+bY)+(ah+bk+c) @
dX (@ X+VY)+(d h+bk+)
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Now, let us choose h and k such that :
ah+bk+c =0 and ah+b'k+c" =0
Solving these equations we get the value for # and k.
Thus (2) now assumes the form
dY aX+bY
dX " ZX+bY O

It is evident that (3) is a homogeneous equation in the variables X and Y. This
equation can be solved by putting Y = VX as discussed already. Finally we
substitute for X and Y where X = x—-h, Y =y-k

Remark : If f = % =k (say) then a=a'k, b = b k.
c_f_liza’kx+b’ky+c
Hence (1) becomes dx P

dy k(a'x+by)+c
dx ~ (ax+by)+c

or

We can solve by putting t = &’ x+b"y. (Reducible to variables separable)

>> Wehave (4x+y-2)dy = ~(x-4y-9)dx

Efl,[__—x+4g+9 )

-Put x = X+h and y = Y+k where h and k are constants to be chosen suitably
later.

' dy _ dy dy dX

Now 50 =dy dX dx
_ 4.4y dy dY
—l-dx-l Herce dx = ax

Thus (1) becomes,
dY —(X+h)+4(Y+k)+9
dX ~ 4(X+h)+(Y+k)-2 .

dY (—X+4Y)+(-h+4k+9) @)
dX ~ (4X+Y)+(4h+k=-2)
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Let us choose / and k such that

—h+4k+9 =0 and 4h+k-2 =0

Solving these equations we get, h = 1 and k = -2

Thus (2) becomes

Put

Now (3) becomes, V+X

ie.,

> Wehave dy _ x+y-1

dY —-X+4Y
X T aXrY B

dy dav
Y=VX = d—}e—V-}X—d?
4V -X+4VX

dX ~ 4X+VX

4V X(-1+4V) AV —1+4V
VX T TX(arvy XX T av VY

xdV _cleavoav-v? v -1+ V)
dX 4+V dX (4+V)
(4+V)dv dX . .
-———5— = — -3~ by separating the variables.
1+ V2 X Dysepaing

av_ VdV+Jg_C
1+V2 1+ V2 X

4tan~! V+%log(1+V2)+IogX =¢
Stan™ ! V+log (1+V2)+2log X = 2¢

Btan_1V+log[(l+V2)X2] = 2, where V = Y/X.

8tan™ ! (Y/X)+log(X*+Y2) = 2¢ = k (say)
X=x-h=x~1and Y=y-k=y+2

8 tan" ! [;”-}—i-]+log I:(x-l)2+(y+2)2:I = k, is the required solution.

dx_x—y+1 - (@)

Put x = X+h and y = Y+k where # and k are constants to be chosen suitably

later.
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dy _ dy dY dX
dx ~ dY dX dx
ay dy _ dYy
=1 X" i Hencedx—dx
Thus {1) becomes,

dy (X+h)+(Y+k)-1

dX ~ (X+h)-(Y+k)+1

dY _ (X+Y)+(h+k-1) _ @
X " (X-Y)y+(h-k+1)
Let us choose h and k such that

h+k-1=0 and A—-k+1
Solving these equationsweget, h = 0, k = 1.,

ie.,

3
=

Yy X+Y
Thus (2) becomes, % X—v (3
ay dv
Put Y=VX .. F}E= V+XE
dv  X+4VX
Now (3)becomes, V+X IX = XU
. av _ X(1+V) v _1+V
e, VX g dX xX(1-v) o *@&xTiovV
. Xﬂ_1+V—V+v"- o Xd_vbu-vz
e dX 1-V " X~ 1-v
1-V dX
—— dV = = by separating the variables.
1+V2 x Y seponine
: vdv dX
= 2 I 27 =¢
1+V 1+V
. -1 1 2 _
ie., tan V—2log(1+V y~logX = ¢
ie., 2tan_1V—1og(1+V2)—?.logX=2c

ie., 2tan‘1v-1og[(1+v2)x2]=2c,where V = Y/X
e, 2tan_1(Y/X)—log[X2+Y2] = 2¢ = k (say)
But X=x-h=x and Y=y-k=y-1
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‘.'] N - —_

LI N I AR B PP

>> Wehave(?y 3x+3)dy~(7x 3y 7)dx

dy  7x-3y~7 1
dx ~ -3x+7y+3 -0

Put x = X+h and y = Y+k where h and k are constants to be chosen suitably
later.

dy _ dy dY dX
dx ~— dY dX dx
4y dy _dY
=1 X -1 Hence i = dx
Thus (1) becomes,

dY  7(X+h)}-3(Y+k)~-7
ax - -3(X+h)+7(Y+k)+3

dY  (7X-3Y)+(Th-3k=7) )
dX T (~3X+7Y)+(~3h+7k+3) -2

Let uschoose h and k such that,
7h=-3k-7 =0 and -3h+7k+3 =10

ie.,

Solving these equations weget, h = 1, k = Q.

dy = 7X-3Y
Thus (2) becomes, dX = Taxaov --(3)
dy dv
Put Y = VX, .. dX_V de
dv 7X-3VX

Now*(3) becomes V+X =5 X = Z3X+7VX

L dV X(7-3V)
e VAXUX T X(=347V)

. v 7-3V av _ 7-7V?
ie., X X = a7V -V or de = 3+7v
—13 +;V dv = 7d—x by separating the variables.
av VdVv dX
= -3 +7 -7l =c
J’l—vz Il—vz X
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1 a+x .
Using I = El g[;] for the first term we have,
3 1+V ) _ 7 2
2lc:ig I—V] log(1-V“)~7logX = ¢
or 3105(1+EJ+710g(1—V2)+14logX=-Zc
3
1+V
or log[[]_vJ (1—-V2)7X14]=10gc.1 (say)
3
N —-—E:tiiau—vf(uvf X" =

or (1+V0(1-vyixlt = ¢
Taking square root we have,

(1+VY (1-V)?* X =g, where V = Y/X

5 2
ie., (X+Y] (X_Y] X7=k(say) wherek:\(q

X X
: 5 2
e, - (X+YY(X-YY =k
But X=x-h=x-1and Y=y-k=y
Thus (x+y 1) (x y 1) = k, is the required solution.

dy  x+2y-3
>> We have dx = m1y-3 (D

Put x = X+h and y = Y +k, where h and k are constants to be chosen suitably
later.

5’.‘[ _qldeX
T Ay dX dx
Yy r_ig_dY
ldleence Tc = X

dY _ (X+h)+2(Y+k)-3
Thus (1ybecomes, 7y = ) (X+h)+(Y+k)-3




REDUCIBLE TQ HOMOGENEOUS D.E. 397

dY (X+2Y)+(h+2k-3) 2)
dX ~ (2X+Y)+(2h+k-3) o

Let us choose & and k such that,
h+2k-3=0and 2h+k-3 =20

ie.,

Solving these equationsweget h =1 and k = 1

dy X+2Y
X X4y -0
dY dv

Put Y=VX . Ix = V+XE}E

dav. X +2VX

Now (3) becomes V+X X S OXT VX

. v X(1+2V)
ie., V+X X = X(2+V)

Thus (2} becomes

roX % - 12++21:'/ ~Voor X%}% = 1211:/2
fj; v = % by separating the variables.

M Fhd Frhl b Sk

ie., 2--12-10g [i—i—%]w% log(l_Vz)—logX=c

ie., Zlog(%J—log(l—Vz)-ﬂogX = Ze

2
ie., '1og[ij—3] —103[(1—1/"-)}(2] =2

(1+V)?
1 = log k
or Og{(l—V)_z(l-Vz)Xz] og k (say)
(1+vV) (X+Yy . _Y
= m—k or (X-Y}s_k sice V—X

But X=x-h=x-land ¥Y=y-k=y-1

Thus (x+y—2)=k(x-y)3, is the required solution.
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dy yZ D

22, Sale o o =
’ Wy Wdoa 3
>> Wehave _3.! ="L+5 Y
X y+x+3
Putx = X+h and y = Y+k, where h and k are constants to be chosen later.
dy _ dy dY dx
dx ~ dY dX dx
1. 9Y dy _dY
-l-dx-l Hence ix = dx
Thus (1) becomes
dY (Y+k)}—(X+h)+5
dX " (Y+k)+(X+h)+3
dY (Y-X)+(k-h+5} @
dX T (Y+X)+(k+h+3)

Let us choose h and k such that
k-h+5=0 and k+h+3 =0
By solving these equationswe get h = landk = — 4.

Thus @) becomes 5 = Y )
Put  Y=VX - %:wx%
Now (3) becomes,
or %:{-}}-V or xj_;=_(1v++‘-;2)
1V++V12 av = :% by separating the variables.
= lv_:;z dV+ % =
., vdv av +logX =¢

+
1+vV2 T 1412

ie., %log(1+V2)+tan_1V+logX=c



REDUCIBLE TO HOMOGENEQUS D.E. 399

ie., l(:ng[X\IW]+tan“1 V =c where V = Y/X
ie., loglxmh-tan_l (Y/X)=¢

ie,  log VX2+YZ+tan"} (Y/X) = ¢

But X=x-h=x-landY =y~k =y+4

 Thus log V(x-1P+(y+4P +tan" [ (y+4)/(x-1)] = c,
is the required solution. :

. ?-"I!'f.';'li{;:?:" _‘-‘{‘-f‘j.’-L.-f"' [ S :-;I."".,,".-’_'J.‘f

>> Wehave (x-1)dx = (3x-2y-5)dy

dy _ x-1

dx  3x-2y-5 -
Put x = X+h and y = Y+k where h and k are constants to be chosen later.

dy _dy dY dX

dx — dy dX dx

_q1. %Y dy _dy
—l-dx-l Hence Ix = dX
dy (X+h)-1
Thus (1) becomes oy = 3 (X +h)-2(Y+K)-5
. ay _ X+{(h-1)
i dX ~ (3X-2Y)+(3h-2k-5) @
Let us choose # and k such that
.h=1=0 and 3h-2k-5=0
These equations will giveus h = 1, k = ~1 on solving.
dy X
Thus (2) becomes, X = 3%_2y ... (3
dY av
Put Y = VX ..E=V+de
av X
Now (3) becomes, V+X X " 3X—2v%
. av X
e VX R T X(3-2v)
or Xd—v--;-‘/

dX ~ 3-2v
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. dV  1-3V+2V2
ie., x & . 2T2r e

dax 3-2V
3-2V dx
———————— dV = = by separating the variables.
1-3V +2V? X "y 8
3-2V X _ _
= —— | = )
’[2V2—3V+1 I X

Wehave 2V2-3V +1 = (2V—-1)(V~—1) by factorization.

3-2V __A B
(2V-1)(V=-1) 2V-1 V-1

or - 3-2V=A(V-1)+B(2V-1)

Now, let

Pt Vv=1 :1=B(1) . B=1

Put V=172 _:2=A(-1/2) o A=—4
(3-2V)dV__ [ _dV av

Now I(ZV—I)(V—I)_ Ygva+rlvo

. {3-2V3)adv _
. B

3v+i

Using (5) in (4) we have

-2log (2V-1)+log(V-1)-logX = ¢

or log [——K:-}*—} = log k (say)

~2log (2V-1)+log (V-1) ... (5)

(2Vv~1)X
(2V-1Y X X
Y-X 2
— ==k or {(Y-X)=k{(2Y-X)
(2Y - X )2

But X=x-h=x-1land Y=y-k=y+1

(y-x+2) =k(2y—x+3 Y isthe general solution of the equation.
Now consider y{1) = 2. Thatis y = 2 when x =1
The general solution becomes 3 = k(36) or = 1/12

Thus 12(y—-x+2) = (2y—-x+3 ) is the required particular solution.
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Woonalie N 2vo gt oy 0 b3y

os E’i=x"2E+5

dx  2x+y-1 -
Put x = X+# and y = Y +k, where h and k are constants {0 be chosen later.

dy _ dy dY dX

dx — dY dX dx

dy oY dY

dx aX d
Hence (1) becomes,

dY _(X+h)-2(Y+k)+5
dX ~ 2(X+h)+(Y+k)-1

dY (X-2Y)+(h-2k+5) @
dX " (2X+Y)+(2h+k-1)

Let us choose # and k such that,
h-~2k+5 =0and2h+k-1 =10

ie.

Solving these equations we get
h=-3/5and k = 11/5

- Now (2) becomes,

dy X-2y
dX T 2X+Y -3
Put Y = VX
dY dv
E_X-:V.'-XK
Hence (3} becomes,
- 1-2V
RTINS (SN e
dX T X(2+V) X "~ 2+V
AV 1-4v_ V2 24V X _ .
i — = V=— Db ting th bles,
fe., de e, or v V2 ¥+ DY separating the varia
: 2+V dX
= —=IY _gv-82 .,
Il—4V-V2 X

ie., _—% log (1-4V-V2)-logX = ¢
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or log[(1—4V—V2)X2]:—2c=log ¢, (say)

= (1—4V—V2) X2=cl, wherev=§

. 4y Y?
ie., [1-—)(—--}{—2}:{2:::] or  XP-4XY-Y =g {4

But X =x-h=x+(35)andY = y-k = y-(11/5)
Using these in (4) and simplifying we obtain the required solution in the form
P-axy-F +10x+2y = k
N LAV AT
Solve the following equati’ons. -
1. (xy+yP)dx~x*dy = 0
2. (x3+y3)dx=xy(x+y)dy

3. ydx—-xdy = 'Jyz—xz dy

4 (2r+y)2=xy‘—;§

5. xdy=[y-xc052(y/x)]dx
o 4y, 3xy o
i " Pty
7. x [dx +sin(y/x)dyl = ysin(y/x)dx
" 8. [xdy-ydx]ysin{y/x) = [xdy+ydx]xcos(y/x)
9. (x+ylogx—ylogy)dx—x(logx-logy)dy =0
10. &Y |ydr—xdy) = dy
1. (P-dxy-22)dx— (20 +4xy-y)dy =0 ; y(0) =2
12. (y—x-4)dy = (y+x-2)dy
1. (y-2)dx+(y-x+1)dy=0; y(5) =3
14. (3x-—y~-1)dy+2(x-y)dx =0
15. E‘E+2—r—t§}i—0

dx y+2
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1 y+logx = ¢ 2. ywx+log(y-x) = ¢x
3. Sin_l(x/y)—logyzc

4. log(1+y/x)+4(logx—1/x)=c

5 logx+tan (y/x) = ¢ 6. x4+6‘xzy2+y4:c

7. logx~cos(y/x) = ¢ 8. xycos(y/x)=c¢

9 Iogx+(y/x)[log(yz’x)—l]=r:

10. MYy = 11. x3—6x2y—-6xy2+y3=8

12. log{(x+1)2+(y-—3)2]+2tan_1{(y-3)/(x+])]=c
B g (y-2)+{(x-3) (y-2)}=2

W (xry-10 = c(ax-2y-1)

15 (2a+y-4) = c(x+y-1)

t'L?.v-lJ'i Ivact Differential ¥ o000 ng

We introduce this topic with an illustration.

Consider a function f(x, y) = x2+xy+y2+x+y = ¢ where ¢ is an arbitrary
constant.

Let us take the differential of this function.
te., df=2xdx+xdy+ydx+2ydy+dx+dy=0
e, (2r+y+1)dx+(x+2y+1)dy=0

Obviously we can say that the solution of this differential equation is f(x, y) = ¢
where f(x, y) is the function we started with.

In other words, if M(x, y) = Z+y+1 and N(x, y) = X+2y+1 then
df(x, y)] = M(x, y)dx+N(x, y)dy

. the solution of the equation M (x, y)dx+N(x, Y}dy = 0 is equivalent to the
solution of the equation -

d[f(x, y)] = 0 whichis fix, y) = ¢, on integration.
In other words, if we are able to identify that in a given differential equation :
M(x, yyde+N(x, y)dy =90,
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yydx+N(x, y)dy =d [f(x y)]

then we can simply conclude that the solution of the equation is ftx, y)=c

M(x,

Thus we say that M (x, y)dx+ N{(x, y)dy =0 isanexact differential equation if there
exists @ function f(x, y) such that

df = M(x, y)dx+N(x, y}dy.

How to identify that the given equationisexact? If so whatisits solution ? These two
questions are answered in the following theorem.

Statement : The necessary and the suffecient condition for the differential equation
M(x, y)dx+N(x, y)dy =0 to be an exact equation is
M _ N

dy ox
Further the solution of the exact equation is given by

Ide+ IN(y)dy-: I

where, in the first term we integrate M(x, y) w.r.t X keeping y fixed and
N{y) indicate the terms in N without x (not containing x)

Important Note : This method 1s a very easy method for solving a differential equation.
Some of the equations of the types : reducible to the variables separable form, homogeneous
and reducible to the homogeneous form might be an exact equation. Therefore it is very
much advisible that if an equation without the involvement of y/x or X/y terms is
homogeneous then exactness is checked before proceeding to solve by putting y = vx or

= vy. However in the case of terms involving y/x or x/y homogeneous equation
solving procedure itself is easier. This method should be tried in the case of problems which
are of the type

(ax+by+c)ydxt (@ x+by+c)dy =0

First few problems in this method to follow belong to these category.

WORKLD PROBIEMS

G Suies (v ya §oridy - i - 2l d e

Note : The given equation can be written in the form E‘.’i o Zyl and we have already
dx x+2y+1

discussed the method of solving this equation by putting x'= X+h, andy = Y + k. Before
one ventures to do so, the condition for an exact d-e be checked by just scribbling.

>> Let M=2x+y+1 and N = x+2y+1

M _yand Wy

dy dx
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Since M _ N , the given equation is exact.
dy  oOx

The solution is _[de+ _[N(y)dy = ¢, where N(y) denotes terms in N not
containing x. '

ie., I(2x+y+1)dx+j(2y+l)dy=c
ie., .\2+xy+x+y2+y=c

Thus x2+xy+yz+x+y = ¢, is the required solution.

Remark : This example is the illustrative example which we took to introduce the concept
of an exact d-e and the solution that we have obtained is same as f(x, y) inthe
Hlustration. The method is so simple as one can imagine the amount of work involved had
it been done by reducing it to @ homogeneous equation.

I 1

26, Nolve . | _|_,f": R I O BRI BT bodi = i

Note : Observe that this is a homogeneous equation.

>> Let M =y3-3x2y and N = —x3+3.‘a_/2
oM oN
%" 32 ~37 and 5= -3x% + 3y

, oM  oN . o
Since —— = ——, the given equation is exact.

dy  ox’

The solution is Ide+ IN(y)dy =c

ie., I(ys—312y)dx+ _[0 dy = ¢

(Obser-ve that there is no term in N which do not contain x)
y3—x—x3y =

Thus xyP -+ ¥ = ¢, is the required solution.

Remark : Compare the working and the answer of this Problem with Problem - 3 solved by
putting y = ox.
270 Suloe: (57 + 3y Fi—w duHtdy - SxT iy o iy = 0

[Though it is evident that the equation is a homogeneous one, before solving by putting
¥ = vx we should check for exactness} :

>> Let M =5 +3%)7 - 21y® and N = 23y~ 322 )2 - 5
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it

oM 2 dN
Y 6x“ y 6xy2and§;——6x2y éox_l,/2

Since @4—

aN
dy  ox
The solution is _[de+ _[N(y)dy =C
fe., I(5x4+3x2y2—2xy3)dx+ _"*Sy‘*dy:c

Thus x5+13f—x2y3—f = ¢, is the required solution.

, the given equation is exact .

Note : The problem can be solved by writing the equation in the form

dy _ _ (x+3y)-4 - -
Te 3(r+3y)-2 and then by putting x +3y = L

>> The given equation is equivalent to the form
(x+3y—4)dx+(3x+9-2)dy = 0

Let M=x+3y-4 and N =3x+% -2
aMm aN

3 =3 and e 3
Since M _oN the given equation is exact
dy  ox o oeveneq '
" The solution is _[de+ IN(y)dy = ¢
ie., I(x+3y-—4)dx+ I(9y-—2)dy=c
2
ie., 5-2—+3xy—4x+2%2—~2y=c

Thus 2 +6xy~B8x+9tf~4y = 2¢ is the required solution.

I T n A F

>> Let M=y(1+1/x)+cosy and N=Ix+logx—xsiny

aM

Fy— =1+1/x-siny and

a
— =1+1/x—sinvy
dx ’



EXACT D.E. S _ : 407

oN
Since —034_ = =, the given equation is exact.

ox

The solution is Ide+ J'N(y)dy =¢

e, j[y(1+1/x)+cosy]dx+‘[0 dy = ¢

Thus  y(x+logx)+xcos ¥ = ¢ is the required solution.

>> Let M= cosxtany+cos(x+y) ; N = sinxsec2y+cos(x+y)

a—A4~—cosxseczt—sin(x+ ) gﬁ—cosxsecz —sin{x+y)
ay - ¥ ¥) Ix - ¥ y
oM oN

Since Sy- =5 the given equation is exact.
The solution is Ide+ J‘N(y)dy =

ie., I[cosxtany+cos(x+y)]dx+ IO dy = ¢

Thus  sinxtany+sin(x+y) = ¢, is the required solution.

>>  The given equation is put in the form,
(yeosx+siny+y)dx + (sinx+xcosy+x)dy = 0.

Let M =ycosx+siny+y and N =sinx+xcosy+x

gj‘ﬂ—«:sx+co.~s +1 and iaﬁ-c:-:)sx+cos +1
dy © Y dx y

aN

0 the given equation is exact
- = -, g i )
dy - ox grveneq

Since

The solution is Ide+ _[N(y)dy =

fe., _j(ycosx+siny+y)a‘x+ _[Ody=c

Thus  ysinx+xsiny+x ¥ = ¢, is the required solution.
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320 Solies (2aydy - bmegados T sranTy o s iy =

>> Let M—2xy+y—-tany and N = 1‘2 x tan? y+sec y
aM oN

M o1 sec? N _ o 2
% +1-sec”y and O 2x —tan” ¥

But %A;=2x+1—(1+tan2y):2x—tan2y

. oM _dN L

Since 3 = the equation is exact.

The solution is _[de+ IN(y)dy=c
| ie., I(2xy+y-tany)dx + Iseczydy= ¢

Thus x2y+xy xtany-l-tany—c is the required solution.

33, Solve  wettdy 0T e Dy s
>> Let M= yexy N=x&¥% + 2

%:yfyx+fy;%§—:xexyy+e”

Since M - N , the equation is exact.

dy ox
Solution is given by Ide + IN(y)dy =c

fe., Iye”dx + IZy dy = ¢

Yy .
te., yg—-+y2=c

3. Solve: Ly 4 4 Ve Zape S R
>> Let M= yzexy +4:1:3 and N—nyexy 3y2
' 2
%-—yz xf ?.ry+e“y2—2y,%l—;’-—2ryexy Pre® 2y
2
ie., %% ) e™ +2ye™ and %—f =2xeY +2ye
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M _ on

Since = o the given equation is exact.

The solution is Ide+ IN(y)a‘y= C
ie., I(yzex-"2+4.r3)dx+ [-32ay = ¢
2
le., yz-e—xz—+x4-y3=c
y

2 ,
Thus e +x8 - = ¢, isthe required solution.

>> Let M =1+e*Y and N:ex’y(l--{J

y
M _ v (_x ON _ ey (1 1- Xy 1
w ~© [ y2J’ ox v)" Uy Ty

ie., = e —, e - -—e =

R A . 7
. dM  oN . .

Since - - the given equation is exact.

!

The solution 1s J-Ma'x+ IN(y)dy =c

ie., I(1+ex/-")a‘x+ I{]dy=c

e x/y

(17y) ~
Thus x+y e™Y = ¢, isthe required solution.
Remark : Refer to Problem - 15, where this Problem is worked by pu fting x = vy

ie., X+ c
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36, Sofves DD DTy tud

>> Let J?\/I=2y+?_1f2_1,/3/2 and N = Vi +2x

oM 3 11 oN

5 =2+2¢ - 3y and - =3y +2
) oM oN
i, o =2+3%Vy and 3 = 3%y +2
Since _E)M = §—N— the given equation is exact

ay - ax ’ gl eq -

The solution is Ide+ IN(y)dy=c
ie., j(2y+2x2y3/2)dx+ IOdy=c

Thus 2xy+—§-xayy2= ¢, is the required solution.

. s i I :.
37, f}i'.'.-'ri"'f' . | R
| !

B RN R

>> Let M=x-—2— and N=y+-—3‘—-

21yt +7
M _(P?)(-D+y -2y N _ (FHy)1-x
dy (P2 4+ ) " ox (Z+ Y

M _ —P+y g N -2+

ie., = and — =

¥ (P o (L4
o dM _ oN : S
Since ay - ox the given equation is exact.

The solution is Ide+ IN(y)dy =

ie, I[xuﬂy——“]dx+ Iya’y=c

2o

. 1 v
ie., 5 - tan (x/y)Jr2 =c
ie., - % + 3’éf—ta.rfl (x/y) = ¢, is the general solution.

Giventhat y = 1 when x = 1, the general solution becomes
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+%—tan"1(l):c or ¢ = 1-(n/4)

1

2

28 ey - s the partiutr ol
Thus 2 +2 tan " (x/y) = 1-(n4), lstheparncul_arsoluhon.

Ty . . . _
6.35 1 Equations redus il i ire pvacd forog

Sometimes the given differential equation which is not an exact equation can be
transformed into an exact equation by multiplying with some function {factor) known
as the integrating factor (LF).

The procedure to find such a factor is as follows.

Integrating Factor: Type -t

Suppose that, for the equation Mdx+ N dy =0

aﬂ # Q—IY , then we take their difference
dy 9x

The difference %’4 - %1—:— should be close to the expression of Mor N.

- i1(eM @N 1{oM oN
Ifltzsso,thenwecompute M(ay - Bx} or N[ay - Bx]

I _1_[3M oN M N

1
N 3;—3;]=f(x) or ‘ﬁ(gy———*]=g(y)

then eIﬂI) ax or & Jeway is an integrating factor.

As already stated the multiplication of this factor into the equation Mdx +Ndy = 0
will make the equation an exact one and we solve this modified equation being an exact
equation. -

The following basic results will be useful :

i) BT =y (i) JlOBY Lo

Remark : If the given equation is not exact we continue the working and try to find out whether
it can be reduced to an exact equation as per the described procedure. Even in the case of
homogeneous equations it is worth while trying to sce whether the equation can be reduced to
an exact form.
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[The first two methods can be ruled out at once for solving this problem]
>> Let M= 4xy+3y2—x and N =x(x+2y) = x2+?_ry

%ﬂ = 4x + 6y and %Ixi = 2x +2y. (The equation is not exact)
M AN _ _
Consider Y ok 2x+4y = 2(x+2y)...closeto N.
1M N _2(x+2y) |2 _
Now N[ay ax}—x(x+2y)_x"f(x)

Hence eI f{x)dx s an integrating factor.

2
ie., ejf(x)dx = Ej;dx = FloBX o e!og(xz) =

Multiplying the given equation by x* we now have,
M= 413y+3x2y2-x3 and N=xt+27y

M = 4134-6123; an N = 413+612y

dy dx

Remark : Checking the exactness condition as such is not required as the given equation Is
sure to reduce to an exact equation on multiplication with the proper LF. But it is just a safety
check as it will give an opportunity for one to rectify the mistake in the event of the exactness
condition not being satisfied.

Solution of the exact equation is J Mdx+ j N(y)dy = ¢

ie., j(ix3y+3x2y2-x3)dx+ dey:c
4 .
Thus xy+x° y’—% = ¢, is the required solution.

A3, i N
>> Let M=y(2x-y+1) and N=x(3x-4y+3)
ie., M:ny-y2+y and N=3x2—4xy+3x

oM dN
Evi x-2y+1, I =6x-4y+3
M oN

S " 5e = -4x+2y~-2=-2(2x—-y+1)...nearto M

dy
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Now L [9M _oN o Z2(2x-y+1) 2 (
T My ) y(mx-y+1) y‘g”

2
Hence I.F = ¢~ J8(¥)dy _ ,J;dy = p2logy _ Jog(v') _ T

Multiplying the given equation with y2 we now have,
M=2xy®—yts P and N =372 —4xP + 32

aﬁ=5xy2-4y3+3y2 and §£=61y2—4y3+3y2
dy ox
The solution is Jde+ IN(y)dy: c

ie., _{(nyj-y4+y3)dx+ [ody =«

Thus ¢ -x y‘ +x y3 = ¢, is the required solution.

> L.etM=x2+y2+x and N=1xy

oM dN
ay_Zy and ax—y
oM oN
_gy_..—(_;;_zy-yhy‘..neartoN.
I{aM oNY _ y 1 __
Now N(&y axJ—xy-x—_f(l)

1
Hence I-F = ij(x)dx = e_[;dx - 810gx -y
Multiplying the given equation by x, we now have,
M= exded amd Ny

oM N
P 2xy and o 2xy

The solution is Ide+ IN(y}dy =
e, 'I(x3+xy2+xzjdx+ [o0dy =«

4
Thus —E— + %ﬁ + %3 = ¢, is the required solution.
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AL Solver el Ty o o

>> Let M=y(2xy+1) and N=-x

oM oN
Y = dxy+1 and ™ = -1
%% oN =4xy+2 =2(2xy+1)...nearto M.
1 9_~_1_2,ri _2(2y+1) 2 _
e M[ay 31]_y(2ry+1)'y'g(y)
Hence [-F = *Ig{y)dy:e-ffdy:e-zlogyzy—2=_;5
Multiplying the given equation with l/yz, we now have
M=2x+> and N=-2X
y 7
oM 1 N 1
= -5 and — = ——

W M Ty

The solution is Ide+ JN(y)dy=c
ie., I(2x+i]dx+ IOdy=c

Thus ** +§ = ¢, is the required solution.

42, Soloe: y(x+y)dy +iv=-2y -1 )dy =0
>> Let M=xy+y* and N =zx+2y-1

dN

E

M = x+2y and

dy

B_M_ _{i]_q_ =x+2y—1...nearto N.

dy  ox
l{aM N} x+2y-1 . _
Now N[ay ax]*x+2y y = 1=/

[Though the constant 1 can be regarded as a function of x or vy, we take it fo be f( x) since
the difference in the partial derivatives is divided by N |

Hence I-F = e-[ﬂx)dx =1e'-|'1dJr =¢
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Multiplying the given equation by ¢*, we now have
M= (xy+ ) and N=¢"(x+2y-1)

M N
*a}~=€'1+ex-2y and -EE—e’c(:c+2y—1)+ej't
ie M _ xef+26y and N =xf+2¢
’ dy ax y

The solution is Ide+ _[N(y)dy =c
ie., y I:ce’"dx+y2 I(tdx+ _[Ody=c

ie, y(xf-E)+Pef =¢
Thus e"(xy-i—f y)—c mthereqmredsoluhon

130 Sdve s {ay -y dx Y an b e i)
[ It may be observed that the given equat:on isa homogeneous one and before one ventitres to
use the substitution y = vx, the option of exact equation is worth while trying .}

>> Let M =8ry-9%° and N = 2~ 6ay

oM oN
ay = 8x-18y and Ew = dx -6y
oM oN . _
Y T =4x-12y = 4(x-3y) isnearto N = 2x(x-3y)
1(oM N)_ 4(:-3y) _2 _
NowN[ay ax}_2x(x-3y)_x_f(x)

' 2
Hence I.F = e} f0x)dx _ eIIdx = Alogr . 2
Multipljzing the given equation by x*, we now have
M = 8,\'33,.'—91'2_1,(2 and N = 2x4—6x3y

oM
E

The solution is Ide+ IN(y)dy =c
e, I(B:’ay—-9xzy2)dx+ IOdy=c
ie., 254 v 31;4!,2 =, mﬂlereqmredsoluhon

= 8x°~ 182y and -—;-813 1822 y
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‘\L. .....

l.fthe given equatlon de+Ndy = 0 is of the form
yf(xy)dx+xg(xy)dy =0

n Ny is an integrating factor provided Mx-Ny#0

Remark : It should be clearly noted that ‘f’ and ‘g’ are function of (xy) not in the
variables x, y

>> Tﬁe given equation is of the form:
yflxy)dx+xg(xy)dy = 0 where
M=yf(xy)=xf+y and N = xg(xy) = x-2y
Now Mx-Ny=xXP+xy-xy+2y? =224

1 1
= is the integrating factor.
Mi-Ny 252 gratng

Multiplying the given equation with 1/ 2 yz itbecomes an exact equation where we
now have,

M= x+y) and N = 121)
- 1. 1 -1 _ 1
Jde., =5t 2x2y and N = ?_ry2 %

The solution is Ide+ IN(y)dy= c

ie., I{le Zny]dx+'[__dJ_c

e Lioer L 1y
- 5 log 2y 2 ogy =¢
or log (x/y) - xly = 2c¢, is the required solution.
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>> The equation is of the form yf(xy)dx+xg(xy)dy = 0 where,
=yflxy) = y+xy2+x2y3 and
N':xg(xy)=x—12y+x3y2
Now Mx—Ny=(;y+J. y X 93) (.ty o y o 5’) zlzyz

1
= is the L.F.
~ Ny 2x2 y?
Multiplying the gicen equatinnaoit, 1 .2 32 it hpereres o0 ovact equaticn where
we now have,
1 1 X
M= +—+E and N=—5 -+ + =
2:c2y 2 2y 2

The solution is given by Ide+ IN(y)dy =c

, 1 ¥ 1

e, oot t dx+ | -z—dy=¢
I{szy ZJ .[ 2y Y

ie., —-1-—-+llogx+%li—%—logy=c

or log (x/y)+xy- ;—; = 2c¢ , is the required solution.

>>  The equation of the form y f(xy)dx+xg(xy)dy = 0 where,
M= 1y2+2x2y3 and N = xzy—xay2

Now Mx-Ny = x2y2+2x3y3-x2y2+x3y3 = 3x3y3

Thus 1/3x° y3 is the LF. Multiplying the given equation by this 1.F we have an
exact equation where we now have,

M= L +—2- and N=-l--—-1*

3x2y 3x 3ry2 3y

The solution is jde+ IN(y)dy:: c

. ' 1 2 1
ie., 1[57+—de+ J.—--ggdy=c

] —1—~+gl x—llo y=c
ie., 3y ogx-zlogy =
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1
or -——+log¥—logy =3
xy g BY
Thus log( xz/y) - 1/xy = 3c, is the required solution.

T

= r

>> The equation is of the form yf(xy)dx+xg(xy)dy = 0

M:xyzsin(xy)+ycos(xy) and Nzrzysin(xy)—-xcos(xy)
Now Mx-Ny = 2xycos(xy) '

1 _sec{xy) .
Thus ?_rycos(xy)_ Sy is the LF.

Multiplying the given equation with this LF we have,

1 x 1
M:%tan(xy)+ﬂ and N=5tan(xy)—2—y
The solution is Ide+ IN(y)dy =c

ie., I[%tan(xy)+~%;}dx+ j-—ziydy::c

i y log [sec (xy)]
’ y

+llo x——l—l =
2 2 1OBX 5 I0BY =

or log sec(xy) +log (x/y} = 2c

or log[sec(xy) . (x/y)] = logk (say)
= sec(xy) - (x/y) =k .

Thus xsec(xy) = ky, is the required solution.
nin

prating

[N
If the given equation Mdx+Ndy = 0 is of the form
xklyk'-f (c;ydx+cyxdy) + J;k3yk4 (cgydx+egxdy) =0

where kl. and € (i = 1 to 4) are constants then e yb is an integrating factor. The
constants 2 and b are determined such that the condition for an exact equation is
satisfied.

Remark : It may be observed that in this type, the terms M and N of the equations are of
the form ¥* yb only where a and b are constants. In such a case we multiply the equation
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simply by ** yb and find a, b such that %—y-— = 9—}1\! Later we solve the equation by using

the values of a and b so obtained.

>> The given equation can be rearranged as

(3xy+8° ) dx + (2% + 243y ) dy = 0 D)

[This equation is not an exact equation and the first two types of finding the LF can be ruled
out easily. Observe that the equation contains only terms of the form ¥ y‘b 1

Multiplying (1) by ' ¥ we have
M=3lﬂ+1yb+1+8xayb+5
N=22"t2yb gty ped

Weshallfind a and b such that 2™ = N

d dx '
31‘”(b+1)y”+8x“(b+sz;/”“ =2(a+2) P r2a a1y Ayt
= 3(b+1) =2(a+2) and 8(b+5) = 24(a+1)
or 20-3b = -1 and 3a-b = 2
By solvingweget ¢ =1, b = 1.
We now have M = 3x2y2+81y6 and N = 2x3y+24,\2y5
The solution is Ide+ IN(y}dy=c

e, _I(3x2y2+8xy6)dx+ IO dy = ¢

Thus %% + 442 y® = ¢, isthe required solution.

>> Wehave(4xy+3y4)dx+(2x2+5xy3)dy =0
Multiplying the equation by ¥* y* we have,
M = 4xn+lyb+l+3xayb+4 and N = 21;:+2yb+5#1+1yb+3

%% = 4({1+1)1‘”yb+3(b+4)1‘yb+3
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%—f =2(a+2) ¥ N asas )2y 3
We have to find 2 and b such that M = E-JY
dy  dx
= 4(b+1)y=2(a+2)and3(b+4) =5(a+1)
ie., a=2b and 5a-3b =7

By solvingwe geta = 2and b = 1
We now have, M =4x3y2+312y5 and N=2x4y+513y4
Thesolutionis_[de+ IN(y)dy =¢

i, [(a?Pe3Py)ax + fody = c

Thus x*/+ x>y = ¢, is the required solution.

[We cannot find I. F by the earlier described methods)
>> Multiplying the given equation by »* y* we have

M = xﬂyb+2+2x“+2yb+l and N = 2.1"’+3yb—x"+1yb+1

%=(b+2)x"yb”+2(b+1)x“2yb
Q{:“=2(“+3)Ia+2yb—(a+l)x“yb+1
Let us find a and b such that 24 = N
oy  ox
= (b+2)=—(a+1) and 2(b+1)=2(a+3)
ie., a+b=-3 and a-b=-2

By solving we geta = ~5/2 and b = -1/2.

We now have,
M = x—5/2 y3/2+2x— 172 y1/2 and N = le/2 y— 1/2_.1*3/2 ylz’Z

ThesolutionisIde+ IN(y)dy = ¢

ie., ((1'5/2y3/2+2x_1/2y1f2)dx+IO dy = ¢

J
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A I T

_3/2 y 12 Y
. 2
ie., —y 2,32 412 12
or  —x2P2 L6122 g

Thus  6Yry-Vy'/x® = k, is the required sohution, where k = 3¢/2

The preamble for this method is that we should be in a position to recognize certain
standard exact differentials listed as follows.

dxtdy = d{(xty)
E,. xdy+ydx =d(xy)

E . xdy-—-ydx=d y
3 1,2 x

dr—x X
E,. =d|=
¢ s \vJ
xdy-ydx _ p llog(JHEJ]

L | 2

o ) 1) e ]
E,. %{i{’-‘i = d[%log(x2+f)J = d[;og«JPTyT]

dx+yd

g, TELLY . 5 [\N27
v g T

With this preamble we describe the method.

The given equation itself can be a combination of various standard exact differentials
or we may have to judiciously rearrange the terms of the given equation to match with
the exact differentials fully or partly as the case may be. In otherwords the given
equation must assume the form

.Cld[f](x, y)]+52d[f2(x, l+ =0

In such a case, the solution can instantly be written as
afi(x y)+ef(x y)+ - = ¢, byintegration.
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>> The given equation is equivalent to the form
xdx+ydy—d [tan_1 (y/x)]
Integrating we get,

2
—2‘+

>~ tan” (y/x) = ¢, being the required solution.

Remark : Had we not recognized the third term of the given equation as d [ tan™ 1 y/x)]
then in the normal course we should have written the given equation in the form

_Yy X -
x+ dx+j y———=1dy =0
{ xz+y2} [J x2+y2} 4

and solve by verifying the exactness condition similar to Problem - 37 Further since
d [tan_ ! (y/x) jl = —d [ tan ' (x/y) ] the sofution can also be in the form

s

L 4 tan (xry) =
5 2+talrl {(x/y) =¢

>> The given equation is equivalent to the form,

d [§)+xdx+ydy =0

S LY
X X : .
= -y— + > + 5= on integration.
Thus §+%(xz+y2) = ¢, is the required solution.

(It should be carefully noted that though we have (x/y ) terms in the equation it is not a
homogeneous equation]

>> The given equation can be put in the form,

eXY (ydx—xdy) = v dy
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or ex/y[zdi:{ﬁz]:dy

ie., eXYd(xty) = dy
Integration yields ¥ = y +¢
Thus e™Y—y = ¢, is the required solution.

Remark : The Problem can be solved by verifying the exactness condition and it will be
little difficult.

>> The given equation can be put in the form

xdx+ydy = y(2+/P)dy  or xdxtydy ydy

2+

ie., d[%log(x2+y2)]=ydy

Integrating we get, 1 log ( 2+ y2 )= %2-+c

or log(x2+y2) = ¥ +2 and let k = 2c

Thus . log(x2+y2)—y2 = k, is the required solution.

>> The given equation can be put in the form
dx+tan(xy)[ydx+xdy] =0
fe., dx+tan(xy)d(xy) =0 -

Integrating we get, x+log sec{xy) = ¢, being the required solution.
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Solve the following .dijferenﬁal equations
1. 3x(xy-—2)dx+(x3+2y)dy=0
2. (cos2y—31’2y2)dx+(c052y*2xsin2y~2x3y)dy:0

9 2 .2
3. (6x° +2xy—2xye ¥ jdx + {7

+37 +-3y2}dy =0

4. (2P +bxy-yP)dx+ (3P ~2xy+ P )dy = 0

5. cosx (& +1)dx+sinxefdy = 0 [solve by two methods)
6. 4’y wycos (ay) jdx+| 2 yrxcosiay) [dy = 0

7. ay = yrx-2 [solve by two methods)
dx y-x-4

8  (xf+x-2y+3)dx+xiydy = 2(x+y)dy; y{(1) =1
9. y(x+y+1)dx+x(x+3y+2)dy =0
1. 2037 +20 +6y)dx+3 (x+xy7)dy = 0 giventhaty(1) = 2
1. (3P )de+ (20 P =P )dy = 0
12 (&P 43y)de+ (3P y—x)dy = 0
13. (x2y2+5xy+2)ydx+(xzy2+4xy+2)xdy=O
9 3
14. ydx— xdy +3x° y* ¢* dx = 0

15. xdy-ydx = cos? (y/x ydx

1. x3y—-3x2+_1/2:c 2 ilﬂzgy+xc052y—x3yz=c
2
3 2,1'3+x2y+ye_" +y3=c 4. 2x3+9x2y—31y2+y3=k
5 sinx(e/+1) =¢ 6. x4y2+sin(xy)=c
2 2
7. x2+2ry-y2—4x+8y:c 8. x—zﬁa-%r 2xy+3x—y2=l
9. %yi+xy3+xy2=c 10. x6+x4y3+3x4y=15

1. 3 y3+12 =cy 12. 27 3;3—_1/2 = o
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3
13. log (/%) = (2/xy)—xy+c 4. (x/y)+e =¢
15 tan{y/x)+1/x = ¢

B Gy DE e

A differential equation is said to be linear if the dependent variable and its derivative
occurs in the first degree only and they are not multiplied together.

cavntarer i a0 g

A differential equation of the form

d
TPy =0 )

where P and Q are functions of x only is called a linear equation in ‘¥ and we shall
solve the same.

Multiplying (1) by e-[de we have,

e_[de é}{ + Pye-[de - QeIde or & [:eIde y:I -~ QeIde
dx dx
Integrating w.r.t. x on both sides we have,

edex y = J-Qf’-‘[de dx + ¢

fpax _ IQeIP"" dx+c is the solution of linear equation (1).

Thus ye
iy

dx

An eciuation of the form : ay

+Px = where P and (J are functions of y only is
called a linear equation in x.

The solution can simply be written by interchanging the role of x and y in the solution
obtained already for the linear equation in v.

ie., xelPH - J.Qefpdydy+c

This is the solution for the linear equation in x.

9 The given equation must be first put in the form conformal to the standard form
of the linear equation in x or y.

= The expression for P and Q is to be written by simple comparison.

!
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S Weequip with the 1. F JPdx o JAPAY,

2 We assume the associated solution and we only need to tackle the R.I15 part of
the solution to finally arrive at the required solution.

Note : If the given equation is not in the standard form of a linear equation but is in the form

M(x, y)dx+N(x, y)dy = 0 then the linearity of the D. E can be recognized by the
following observations,

1. Linearin y: M contains 'y’ (not yz, log y etc.), N is a function of x only.

2. Linearin x: N contains ‘x’ (not 12, sin x etc), M is 4 function of y only.
yonly

[n such a case the equation is transformed into the standard form of the linear equation and can
be solved by assuming the solution.

Remark : Many of the problems when the equation is given in the form
M(x, y)dx+N{x, y)dy = 0 can be solved by the earlier methods. If we are able to
recognize the linearity then we can assume the solution in respect of equaticus in the standard
form of linear eguation.

Wildn il UROBL L1
SH T -
d 2
>> —b—!——izx-ﬂc2 is of the form :
dx y
dy

dx-+Py = (), where P = :J_(Z and Q = v+x*
AP _ [¥rdx _ e—ZIogx - IE.i-:agx‘.‘! = 1742

The solution is given by ijde = JQ{Jde dx+¢

_ 1 1

ie., y»?:_[(x+r2)?dx+c

fe., ;11_2 = j -i'dx+ jlﬂ’x+c

Thus % = log x + x + ¢, is the required solution.
x
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> Ay
ay
eIde - P[cotxdxz elog(sinx]

The solution is ye“’d’[ = IQeJdedx+c

e, ysinx = Icosx csinxdx+e
. . sin 2x
ie., ysinx = J"-z—dxﬂ:
. —cos 2x . .
Thus  ysinx = g te¢, isthe required «

38, molie vvosy T sicos - s )y

[ XY

dy TYcotx = cosx isof the form:

= sinx

dx+Py = Q. where P = cotx and Q = cosx

ition.

427

>>  Dividing the given equation throughout by xcosx we have,

g_lzf_+f:cosx—x51nx}y: 1

dx Xcosx X Cos x
This is of the form g% +Py = (3 where

P=c05x~xsmx and O = 1

Xcos x XCOsx

(__J'de = elug(xcosx) = X oSy

The solution is nyde = JQ(JPJI dx+¢

: 1
e, ¥ xcosx = I o xcosxdx+c

XCosx

Thus xycosx = x+c, is the required solution.
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39, Sodpe s Qi vee v b

it
-t i

>> Dividing the given equation by 2 cos x, we have
%+(2tanx)y = sinx .- sin2x = 2cos xsin x
This is of the form P Py = (), where P = 2tanx and Q = sinx.

edex - eIZtanxdx - eZiog(secx) = sec2x

The solution is yeipdx = Ierde dx+¢

ie., y sec? x = jsinx sec? xdx +¢
fe., yseczx = jtanx secxdx+¢
ie., y sec? x = secx + ¢, is the general solution ... (1)

Consider y(m/3) = 0. Thatis y =0 when x =7n/3

Hence (1) becomes 0 = 2+¢ or ¢ = -2

Thus vy sect x = secx—2, istherequired particular solution.

£ Solne

> g!

g TV cotx = 4x cosecx isof the form:

i
o

T - S T A oA

% + Py = Q, where P = cotx and Q = 4x cosecx

Now eIde - e[cotxdx - elog(sinx} = sinx.
Solution is given by yeIde = IQ eI gy 4 ¢
ie., ysinx = J4x cosecx - sinx dx + ¢

ie., ysinx = I4x dx + ¢

ie., ysinx = 2x% + ¢ is the general solution.
But y =0 when x = n/2 bydata.
0=1/2 +¢ =M

Thus ysinx = 2 P - (n2/2 ), is the particular solution.
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Sy

>> The given equation is of the form % +Py =Q

3 2
where P =3x2 and Q = x°e* nooelPdx _ p3xdx

The solutionis ye!?% = J.erpdxdxhc

3 3 3
., yex = _[xsex ceX¥ dx+c
3 3
fe., ye* = Ixse?" dx+¢
Put 2> =¢ . 3% dx = dt or 30dx = Pt
Hence x°dx = %
Thus (1) becomes ye* =% Itezthc
3 1) & e
. x _ 4 £ _ £
e, ye' =3 {t 3 2 ldt p+c,
I‘ h 13_,._]'__ fe_zt _.e_.z_t +
e., yel =31~ c
. x3 ezt
ie., ye = T2—(2t—1)+c
3 era . .
* (2¥°~1)+¢ is the required solution.

12

2
&
s
H

I

i [ -y

>>  Dividing the given equation throughout by x (1 - x* ) we have,

dy | 22-1 |

dx I x(1-2%) Y (1-2%)
This is of the form g+Py = (J, where

p_ 26 -1 P

d = —
x(1-2) © 1-2°

e

3
X

429

()
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IP dx has to be found first, by resolving P into partial fractions.

Let =2 r =

22 -1 A B C
¥(1-x)(1+x) X l-x  1+4x

- 2% -1=A(1-2)(1+x)+Bx(1+x)}+Cx(1-x)

Put x=0 -1 =4(1) .. A=-1
Put x=1 1 =B(2) . B =12
Put x=-1 1=C(-2)y . C=-172
1 1 1 1 1
Ipdl——j;dx+ij'i“_-—xdl—§ Ttz

1 1
= ~logx - 5 log(1-x)- 5 log (1+x)

= - [logx+log\ﬁ-x+log v'1+x‘}
= —log (x \11—~x2)

[Pdx _ e—log[x\‘l-le - 1

Hence ¢ = e
le—xz
The solutionis yel? ™ = J.Qe“)dxdxA»c
, y 2 [
ie., = : dx+¢
xV1-x° '[{1—12) x‘J1~x2
, y x
ie., = —dx+¢c
‘ xN1-x% I(l-xz)”
Put  (t-x2) =t .~ —2xdx=dt or xdx = dt/~2

-1 dt
=55 |35+
x N1 -2, t
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ShL Ty W ! N . ERE

In the given equation, observe that M is a function of y and N contains x (x dy is present in
the equation) Hence the equation is linear in x.

. g'_{_si_ll{~x
Ay N1-y?
1

dx X sin "y .
or w + L = —p== and this is of the form
B 1o 12

dx 1 sin__ y
—+Px =, where P =——== and Q= —
dy 1-y7 V1-y?
N
edey _ psin 'y
The solutionis xe!P9¥ = J.Qe-"rpdy drutc

-1 =1 -1
. sin :
ic., xeSM Y _ I—-———E e™ Ydysc

oy

Put sin‘]y =t -—1-"5 dy = d}
N1y

xen Y J'fede-('
- =1
., xe™ Y-t ¢+ ¢, onintegration by parts.
. -1 e B _ _ _
Thus xe®" ¥ = g8 B’(sin ly-1 ) +¢, is the required solution,

64, Solve: (1 +y2)dx +{x- tan"ly)dy =0
This problem is very much similar to the previous one. Observing the same features in this
equation we recognize the equation as a linear equation in x|

-1,
We have d—x = “tan_“y A
dy 1+3./2
-1
. b
or dyv x oty

dy 1+1:,f2 ]+_1/2

dx
This is of the form Ei v Py o=

Here P = — and @ = —i and 114 o ptan Ty



432 DIFFERENTIAL EQUATIONS

The solution is given by xe!P% = erIde dy + ¢

. -1 tan‘lg -1 .
ie., xetd™ Y= I e Yidy+c
1+y2

By putting tan” ! y = t, we obtain, (As in the previous problem)

-1 -1
xelal ¥ = g0 ¥igan” 1 y—1)+ ¢, which is the required solution.

Observe that N is a function of x only and M contains y. Thus the equation is linear in y.

' dy  l1+xy
>> Wehave (1+xy)dx = 1+2%)dy or =£=-—=2
(Lexyydx= (1+)dy or o=
e dy  xy _ 1
N o R,
, o dy
This equation is of the form v Py = ), where
1
P and =
1+ % Q 1+x°
xdx -1
(Pdx _ ol Tlog(1+x) 1
e =¢£ l1+x = ¢ =
Ql+x2
The solution is ye JQe[dedx+c
: ¥ d
ie., X+
‘ Y1+ 2 J‘(1+:.:2) \[l+x2
te., T-Lz ¢
: '[(l+x2)3/2
Put x = tan® o dx = sect 940

Also  (1+22)? = (1+tan®8)*? = sec’ 8

sec“ 0
ﬁ:f%csede+c or ﬁ=lmsﬁdﬁ+c

ie., L~ sinB+c .. (1)
\,1+xi

But tan® = x = cot® = 1/x and 1+cot’® = l+(1/1’2)
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fe., cosec? 8 =

Using (2} in (1) we get the general solution,
e i T T ...3)
V1+x \‘? +1

Butx = 1andy = 0 and hence 3) will giveus ¢ = -1/¥2
Hence (3) becomes,

Yy ___x 1
Ve NP1 V2

Thus y = x~V1+2%/2, isthe required particular solution.

>> Wehave dx = (e™Y Seczy—x)dy or E+x =e¢ ¥ secz_yr

dy
' . . dx
This is of the form @+Px=Q,where
P=1and Q=¢Ysec?y . P

The solution xe!P% = _IlQe-[dedy+c becomes
xé = Ie‘y sectyeldy+c

Thus = xé¥ = tany+ ¢, is the required solution.

Observe that M is a function of y and N contains x. (x dy is present). The equation is
linear in x .

>> Wehave ydx = (xy+2-3x)dy
e, dx  xy+2-3x or g'g_:x(g~3]+2

dy "y dy y '
e,  Z_xy=3) 2
dy y y
dx

This equation is of the form + Px = Q, where

dy
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o2 )

3
Herxe jPdy = I(;—l}dy 3logy-y
IPdy o (Blogy-y) _ 3logy -y _ S~y

N

The solution is xe.‘“’dy = IQe!dedyi-c
ie., xye V= I% e Vdy+e

ic., xe ¥ =2 Iyze-ydy+c

Applying Bernoulli’s generalized rule of integration by parts we get,
xyPe™Y = 2{y2(-e‘?)-(2y)(e'!f)+2(-e‘!')}+c

ie., xPe Y = -2V (P +2y+2)4c

Thus x4 = -2(y¥ +2y+2)+cé¥, is the required solution.

dy sin 2y
dx _ fany
ie., dy-x cosec2y—sm2y
This equation is of the form %h”x = (J, where
- _ tany siny 1 2
P = - cosec2y and Q = sin2y - cosy. 2sinycosy 2 sec” y
1
fPdy _ ,[- cosecoydy _ -7 log(tany) _ __1
4 & e 2 Vt;—:?

where we have used Icosecxdx = log tan (x/2)
The solution is xe/P % = J-Qefpdydy+c

. X 1 1
., vta—r-‘?- I2 Se(.’zy mdy-l-c
Put tany =t .. seczydy=dt



x 1
Hence ny =5 let_+c
ie x --1- 2 +c
” Vtany  2(1/2)
X

or x = tany+eVtany, isthe required solution.

Observe that N is a function of x and M contains Y. The equation is linear in y.
>> Wehave dy-dx = mdx

1+

. _ 2x!
ie,, = +1 |dx

id (1+:r2 )
e, W _2xy _,

dx 142

, .. dy —2x
This equation is of the form +Py =Q, where P = —— and =1
dx 1+2% .
Hence [Pdx = |~ dx = _log (14+22)
1+2%
jPdx _ -log(l1+¢) _ 1
e =g =
_ 1+

The solutionis ye!P% = IQeIpdxdx+c
. y 1
e, . =11- dx+c¢

1+27° '[ + 212
Thus —!;2- = tan *x+¢, isthe required solution.

1+

>>  Wehave 4y

_ 2logx-y or ‘—iz+—£—=2‘- islinearin y of the form
dx x log x dx  xlogx ~x 7
4 py - c—t ad g-=2
iy TPy = Q where P xTog» Q .

1/x
log x

Hence [Pdx = |
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edex - elog(logx) = log x

The solutionis ye!P % = IQeIpd‘dx+c

. 2

ie., ylogx = Ix - logxdx+c

Put logx =1t .. i-dx = dt

Hence ylogx = Jtht+c or ylogx =4+

Thus ylogx = (logx )% + ¢, is the required solution.

>>  Wehave %+(2c0t9)r = —s5in20

Here P =P(0)=2¢cot0;Q =Q(8)=-sin28 = —2sinBcosO

iP 40

1

J2cotods = 210g (sin8) = log (sin® @)
JPdB _ log(sin'e) _ 2

The solutionis re/F# = IQeIPd°d9+c

ie., rsinZ@ = I(-—Zsinecosﬁ)sinzﬁd9+c
ie., rsin? = -2 Isin39cosed0+c

Put sinG =f . cos8dB = dt

Hence rsin?@ = =2 It3df+c

4 . 4
) . t . -sin’ @
ie., rsm29=—-3+c or rsm29=-—2—+c

Thus 2rsin’©+sin’6 = 2¢, is the required solution.
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Form (i) : f’(y)%+Pf(y) = (J, where P and Q are functions of x.

Weput f(y) =t -~ fr(y)i - 4!

, , dt e e .
The given equation becomes =t Pt =Q which is a linear equation in ¢.

Similarly f’(x) % +Pf(x) = Q, wherePand Q are functions of i can be reduced
to the linear form by putting f(x) = t.

Form (ii) : % +Py = Qy", where P and Q are functions of .

This equation is called as Bernoulli's equation iny.

We first divide the equation throughout by y" to obtain

Ldy, poa-n_
yﬂdx+Py =0 : N ]
1-n _ ) _ —n_&[____m
Put y =t o (1-n)y i
o Ldy__1 &
lf’dx (1-n) dx
dt
Hence (1) becomes, 1= dx+Pt=Q

or *i—;+(1-n)P-t=(1—n)Q which is a linear equation in ¢.

Similarly %+P1 = Qx", where P and Q are function of y is called Bernoulli's

equation in x. We first divide by x" and later put x' =" = ¢ to obtain a linear
equation in ¢.

>> We have ey-j—z-!-e"ze" o ()

Put ¥ =t - &%J‘-
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Hence (1) becomes %H =¢

This equation is linear in ¢ ofﬁ\eform%

P=1and Q =¢. o elPE _

The solutionis telF% = IQelpd"dx+c

+Pt = (), where

e, tef= [ Fdxve
e, &&= [Faxrc

Thus e**¥ = %-I-c, is the required solution.

Observing % in the equation, we shall get vid off cos y in the R.H.S of the given equation

>> Dividing the given equation by cos y we have,

secytany%+secytanx=coszx ... (1)
Now put secy =+ .~ secytany%:%

t
Hence (1) becomes %c-'- ftanx = cos® x

This equation is of the form % +Pt = Q, where we have,
| P=tanxandQ=coszx.

eIde - e[tanrdx — elog(secx) = secx

The solutionis te!"%* = _[Qefpdxdx+c

2y . secxdx+c

ie., secy secx = _[cos
ie., secy - secx = _[cosxdx+c

Thus secy secx = sinx+¢, is the required solution.
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>> Dividing the given equation by cos? y we have,
sec?y %_l_x _ 25inzzcosz =3

cos"y

-ie., seczy g%+(2tany)x=13

-t - dy _ 4t
Put tany=1t . Seczydx“dx
Hence (1) becomes -:—;+2xt =2
This equation is of the form

%-{-PI-—*Q,wllerePsz and Q =% . (lPa

The solutionis ¢e/F% - J'Qe“"&dx-rc

2 2
ie., te® = _[x:)’eJlr dx+c
Put 2= v 2xdx =du or 2°dx = Pdu = 1 du
2 2
te* = Ie" 1‘--;"-ior tet =% Iue"du+c
2
fe., te* =%(ue“—e“)+c, on integration by parts.

L]

Thus tanye® =~§—(xz-1)+c, is the required solution.

e ESH IR
ol RN
>> The given equation be written in the form,
oS i dy + sinycosx = sinxcosx
dx

. d dt
Put  siny=+¢ . cosyt—if=d—;

Hence (1) becomes,

..(1)

.
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dt .
— + tCosXY = SiNXCOSX
dx

This is of the form 3—i + Pt = Q where we have,

P=cosx, Q=sinxcosx
Solution is given by pelPix _ IQ [P gy 4 ¢
ie., tesin% jsinx cosx e3P dx + ¢
Put sinx = .. cosx dx = du
pesin¥ o Iue"du +c
sin x

ie., te =uet - + ¢

or sinye®™* = ¢¥" ¥ (ginx-1) + ¢

>> Dividing the given equation by }f we have,

1, 1,
y2dx yx
Put l:f igy=.4.£
y yde x
—dt ¢ df ¢
Hence (1) becomes e + ;=X o - T= -Xx

dt
This equation is a linear equation of the form Tt Pt = Q, where

P=-_-land Q=-x

1
(!}'de =" j;dx o logx 1
x
The solutionis te!F 4 = IQedexdx+c
, 1 1
ie., t‘—=_[—x--—dx+c
X x
1 . . .
Thus v —x + ¢, is the required solution.

(1)
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>>  Dividing the given equation by y3 we have,
1dy 1 [ 1 } 1 -3
1+= =

-1 dt ¢ 1 -3
Hence (1) becomes 2 x5 (1 +;J =

at 1 6
or dx (1+ J t = ;
. TN di
Thisequation is of the form — + Pt = Q where

dx

le+%andQ=

2

BIde - eI(1+~—] dx _ eX+logy _ & x
The solution is tejpdx = IQeIPd"dx+c

ie., t-e‘x:_'.gftx dx +¢

Thus —;-t- =6&+c, isthe required solution.

>>  Multiplying the given equation by y* we have,

yzgf-ftanx:sinxcoszx
3 : 2_.‘£ dy 1 dt
Put " =t . 3y s or Vzdx 3

1 dt
Hence (1) becomes 3 d—x—ftanx = sin x cos? x

(D)

A1



442 DIFFERENTIAL EQUATIONS

d
or d—;-—3tanx-t=3sinxcoszx

This equation is of the form

dt
—&;+Pt = Q, wheré P =-3tanx and Q = 3 sinx cos® x
e[de = ej—3tanxdx= e—3log(secx} - (secx)‘s - cos’.’ax

The solutionis te!f® = IQelpdxdx+c

ie., tcos® x = j3sinx cos x - cos® xdx+c
ie., tcossx =3 Isinx cos® xdx +¢
Put cosx = H .. —sinxdx = du

tcossx = ~3 Iusdu+c

6

ie., t cos® x =—52—+c
3 —cos"x
Thus (ycosx) = -*—2—'+c, is the required solution.
79. Solverrsin® -cosl :;} -
dr :

>> Wehave cos0 i rsin® = -7
) cosﬂﬂ_l, o
Dividing by r* we get, —?2 il sinf = -1 .1
Put -1- =y and differentiate w.rt6

-1 dr dy

LA, h

2 40~ do and hence (1) becomes

—c0s8 W _ Lsing = ~ dy _

cosede ysin B 1 or de+(tan.0)y sec 9

This is of the form, dy + Py = Q where

do
P=P(0)=tand and Q = Q(9) = sech
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Here ¢lPd9 _ , ftanode _ log(seco) _ sec®

Solution is given by yeIPde = IQeIPde d9 + ¢

ie., ysecH = Isecz 6 4B +c
ie., ysech = tanB+c¢
Thus = 8. tan 8 + ¢, is the required solution,

Note that we cannot simplify the expression in respect of %

>>  Consider j—;- = xy+x2y3 or z—;-xy = xzya. Dividingbyxzwe get,

%%—%wf ()
Put ;lr-zt :xil_j_;=:_;
Hence (1) becomes —%—fy=y3 or :—;+ty=-—y3
nﬂsequaﬁonigofmefonn j—;+Pt = [J, where

P=y and Q=—y3 e]’de___erdy=ey2/2

The solutionis te/P# - erdeydy+c
2 2
ie., tey”2=—J‘y3e5’/2dy+c
Put y2/2=u < ydy = du
Also yz—y dy = du or y> dy = 2u du

2
te¥ 2 = _2 Iue"du +c

2
sode, o teV 7o —2(ue-Hy+e, on integration by parts.
2
y/2 2
Thus ex =2e¥72 [1_"2&}*'" is the required solution.
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81 ~ i cnlr e

>> The given equation can be written in the form

dy _ y(ylogx~2)
dx ~ x

dx  x b 4 ’
1dy 2 logx
yzd:r xy x
1. =ldy_adt
Put y—t fdx“dx

Hence (1) becomes -% + z = logx
X x X

This equation is of the form %+Pt = Q, where
p="2and Q= -1982
x X

2
JPdy _ - f5dx _ -200gx 1

The solutionis fe!P# = IQe“Pd" dx +c

. ¢ 1
ie., — == llogx-— dx+c

2 I g i

-2 -2

i x 1
ie., xz—--{lu:)g:rc-_2 -1 Jcd:c}+::
) ¢ log x 1 x 2
ie., — = —~{- + - —ti+¢

& l 2 % 2 - ‘
ie L—-l—z [lo x+l]+c
2 gx+3
Thus —1*=L

DIFFERENTIAL EQUATIONS

(1)
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The given equation can be written in the form

dx - x(ra+2y)

dx X o

=z_ 2 2 ivrids 4

ie, ay 3 y2 Dividing by x* we havg
1 dx 1 1
L N )
& dy 3x3y 6y
x oA dydy HAdy 3 dy

. -1 4dt t 1 dt ¢ -1

H 1) beco g e —_— ¢ — = ———

ence {1) mes — a3y p y2 or TSI
This equation is of the form %+Pt = (), where

_ 1
5; e!de=ef;dy=elogy3y

The solutionis ¢elP% - J.Qefpdy dy+c

P = and Q=

-

-1
fe., ty=1—-ydy+c
¥ 27 y ay
ie., ty=—l—°§1+c

Thus L = 1—0251 +¢, is the required solution.

S3Losone o H RN HETA! ]
>>  The given equation can be written in the form,
dy _y(2xy+e)

dx e
ie., iz—y = 2",yz Dividing byyzwe get,
YT,
ldy 1 X
Put -1*=t :*15'1!=“£
y y2 dx x
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2x dt 2x

dt
Hence (1) becomes _EI_t = ? or E+t = _;x_
This equation is of the form %+Pt =, where
P=tland Q=7 JP¥ =4

The solutionis te/T% = J-erpdxdx+c
~-2x

ie., tef = | —=.dx+c
I &

ie., tef = - +c

ie., I +x* = ¢ is the required solution.

. Sl _‘\.“‘-',",_' N R . - L

>> Wehave »° % -x y=- y4 cosx Dividing by X y4 we get

ldy 1 _ cosx N
y“ dx Iy3 IS
1, . 34y _dt ldy -1t
Putf-t ddx dx O Adx 3 ax
Y y
Hence (1) becomes, _3 %_% __ cc:{sax
i i‘f+3£_3cosx
ie., =T

This equation is a linear equation of the form % +Pt = Q, where

p=2 and 0= 3cosx  fpax _ ,f(3/mydx _ ,3logx _ 3
. — )
X
Solution is given by te Jpax _ IQeIde dx +c¢

f13=jé£91{

ie., X dx+e -

ie., Jz:’/y3 = 3sinx+ ¢ istherequired solution.
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EXERCISES

sodve the tallorese ditfoven ol oo s

L

Y _ Y _ om
dx  x+1 e (x+1)

e-—zﬁ__y_
o Vx

%+ycotx = 4x cosecx; y(m/'2) = 0
4y _
dx =

d 2
x(x-l)d—i"-y:{x(x-—l)]
sianéz-Z = tan x

dx Y

(l+sinx)dy+(x+ycosx)dx = 0 (Solve by two methods)
xe"%+e’(1+x)y = 1 (Solve by two methods)
xdy+(y—-x—xytanx)dr = 0

2
32 W 420 = 20 0 it

2
%+ﬂ;5—¥=y(l—°f£] 12.5{'i+%;?=x

Axcosydyw(1+3xsiny)dy =0

At -my)dxe3lay =0 ; y(2)=1

(x+Vxy)dy = ydx (Solve by two methods )

ANSWERS

—L=f—31+c 2. ysinx = 2% - (n/2)
x+1 3

3
v = 2Vx 4e . 2L L,
, 1-x 3

2

ycotx = logVtanx +¢ 6. y(l+sinx)+%=c

xye = x+c B. xycosx =cosx+xsinx+c
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z 1 5
9 3e* = x%+¢ 10. -z =c
y X 24
1 _ 1 32 x _ 3.
11. TTogy — 22 1€ 1.yt =3(x 1)ef+¢
13. 4xsiny+1=cx4 14. xzzya(x+2)'

5.  Yx = Yy (logVy +¢)
* Refer articles 6.5 & 6.6 for Methods at a glance and Type recognition

T T A T AT AT I S R
bttty

Basically we know that, two curves intersect each other orthogonally if the t.. rente
at the point of intersection are at right angles. Further we know from differential

d
calculus that, for a cartesian curve y = f(x), m = E% represents the slope of the

tangent.

' d
In order to show that two curves intersect orthogonally we simply obtain Ei_ for the

two curves say m,, m, and establish m, m, = —1being the condition for two lines to
be perpendicular. In fact the orthogonality of two polar curves also has been discussed
in chapter - 2 (article 2.2).

With the knowledge of differential equations, given a family of curves it is possible to
determine another family of curves which intersects each member of the given family
orthogonally and we discuss this concept in detail.

T T TE S e S T A TS A LS S Cotar by b oue s s

An equation of the form f( x, ¥, ¢} = 0 where cis a fixed constant represents a curve.

For example X2+ yz = 4is acircle, yz = 4x is a parabola etc.

On the otherhand if ¢ is an arbitrary constant (¢ is a parameter) the equation

f(x, y),= ¢ represents a one parameter family of curves. For each value of ¢ we get
different curves of the same family.

For example 2+ y2 = {r is arbitrary) represents a family of concentric ¢‘rcles.

Definition : If two family of curves are such that ever); member of one family ‘ntersects
every member of the other family at right angles then they are said to be ¢ thogonal
trajectories  of cach other.
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Method of finding the arthogonal trajectories
Case - (1) Cartestan faniily f(x, v, c) = 0

We differentiate w.r.t x and eliminate the parameter ¢. The equation so obtained is
called as the differential equation of the given family.

We know that if tany = g*% is the slope of a given line then the slope of the line

perpendicular to it is ta_nl'q! = —% - Accordingly in the differential equation of the

iven family we shall replace dy b —EE to arrive at a new differential equation.
2 y P dr Y d q

Solving this new differential equation we get the orthogonal trajectories of the given
family of curves.

Self orthogonal family : If the differential equation of the given family remains
unaltered after replacing % by - j—;t then the given family of curves is said to be
self orthogonal.

Case-(ii):Pu!arfami:’y f(r, 8, cy=0

Weknow that tan¢ = -‘;—? for a polar curve where ¢ is the angle between the radius

vector and the tangent. ¢, ~¢, = 90° is the condition for two polar curves to be
orthogonal.

¢ = 90°+¢, = tan¢,

tan (90°+9, )

. -1
i, tan ¢, = —cotd, or tan ¢, = Fan_¢;
' do , d0
But tan b, = I for the given curve and tan b, =7 ar for the orthogonal curve
at the same point.
i for the curve to be replaced b -1
v, forthecu P ¥ &
r dr
d

ie., - % to be replaced by Eé" or vice - versa. .

In otherwords, we have to differentiate f(r, 8, ¢) =0 w.r.t 0 and eliminate ¢ to

obtain the D.E of the given family. We have to replace % by —r? % to obtain the new

D.E and solve the same to obtain the required orthogonal trajectories.
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Warking procedure for problems
Case ~i:(Cartesian family)

® Givenf(x, y, c¢) = 0, differentiate w.r.t x and eliminate c.

& Replace % by hg-y{ and solve the equation.

Case - it : (Polar family)

9 Given an equation in r and 6, we prefer to take logarithms first and then
differentiate w.r.t 6.
dr

S After ensuring that the given parameter is eliminated we replace . by ~ % %

and solve the equation.

A picturesque illustration of orthogonal trajectories (O. T)

Let us find the O.T of the family of circles >+ y2 = &

Differentiating w.r.t x weget, 2x+2y = = 0 or x+y"—£--l'l 0.

dx
This is the D.E of the given family.
dy . _4dx
Now, let us replace Ix by dy

x+y (- ‘}—d’;] = 0 is the D.E of the orthogonal family.

ie., xdy—~ydx = 0. Dividingbyxy we get

dy _dx
v X

TS

ie., logy—logx = ¢ or log(y/x) = logk {(say}
ie., y/x =k or y=kx, istherequired O.T.

Geometrically y = kx for different values of k represent a family of stra.igi\t lines
passing through the origin. Let us draw a circle with centre origin and a straight line
passing through the origin. (Figure-1)

Also, let us draw a family of circles and a family of straight lines of the same category.
(Figure - 2)
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Piwure - gy - 7

It may be observed that in Figure - 1 the two curves, circle and the straight line intersect
on the circumference of the circle and a tangent is drawn at the point of intersection.

The angle of intersection can easily be seen as 90°. In Figure - 2 we observe that any
straight line passing through the origin intersects every member of the family of
circles at right angles and vice-versa. :

Hence, theoretically and geometrically we can say that the family of circles

(£ +_|/2 = 4°) and the family of straight lines passing through the origin (y = kx)
are orthogonal trajectories of each other.

WORKED PROBLEMS

85, Toud the OUT of the fumdy o fpeoabolas v = dax

> Consider ﬁ = 4a ()
X .

(If the parameter is on one side of the equation exclusively, then the same gets eliminated once
we differentiate) )

Now differentiating (1} w.r.t x we have

d
x-ZyHii_—yz-l dy
2 =0 or 2xy dx —y2=0

ie., 2x % -y = 0, is the D.E of the given family.
o Y dx

Replacing Ix by dy we have,
' dx
h[-—}-—y= or xdr+ydy =0

= .JZxdx+ Iydy=c
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e., 12+"§$c or 2x2+y2=2c=k (say)

Thus 2x*+4% = k, is the required OT.

86. Find the O.T of the fanuly of astroids w0 +_132"3 ot
>> Consider :r2/3+y2”3 = a7
Differentiating w.r.t x, we have
2 . 2 - d
Vs Ly 173 8Y _ g

3 3 dx
i, 3y y‘va % = 0, is the D.E of the given family.

Replacing % by ——%;—c we have,

RV [_3_;] S0 e, iy =y Pdx

e, g3 dy = x1/3 dx by separating the variables.
- Iyl"?’dy- Jx1’3dx —c

4/3 473

; A S e3_ 4 _ 4k
ie., (03) " (43) c or Xx y 3 k (say)
Thus »*3-y*3 = k is the required O.T.
87. Find the O.T of the fonily _:;3 c e
>> Wehave 'lé =
X

Differentiating w.r.tx we have,

3.0, %

x -2y —y2-3r2
dx d
: =0 or 2o yEy = 3x2y2

X

. dy _ . dy _dx
ie., 2x I = 3y Replacing Ix by dy we haye,
dx
2x [-E;) = 3y

ie,  2xde+3ydy =0
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= szdx+ I3ydy=c
ie., .1:2+§gj =cor 2°+3° =2 =k (say)

Thus 2x%+3 ¥V =k, isthe required O.T.

] _ - 2 3.2 _ NV
88, Show that the foonly of ciree v =3y Vo= md -ty o= o are QT of vach

vy,

>>  Let us consider x3—3xy2 = ¢, and differentiate w.r.t x.
3%-3 (x . Zy:—;z+y2) =0
x
ie., 12—_1/2 = 2xy% » is the D.E of the given family.

Replacing % by _:_;c we have,

xz—f=2xy[—j—;J or 2xydx+(x2—y2)dy=0
(This is a homogeneous equation. But it is also exact)

Let M =2xy and N=2-y°

%ﬂf = 2x and %% = 2x. Hence the equation is exact.

The sdlution is given by _[de+ IN(y)dy =
ie., 'J‘nyd:r+ I—-yzdy=c
e, xzy-'lSﬁ--c or 3x2y—y3=3c
ya-—szy = ¢, (say) is the required O.T where ¢, =-3¢

Thus »° -3xy’ = ¢, and v - 3x2y =c, are orthogoilal. trajectories of each
other.
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89. Shote that the ortiiogant! trajecrores of o kmly oF arcles passmy throtigh the orivin
having their centres on Bie - avs s fonndv of circles pacsng Hirongh the origin having theer
certres an the y oaxis,

>> We shall draw a circle of the given family so as to write its equation.
4

N

- e
Y
[vr, S0k

Centre = (4, 0) and radius is ‘a’ since the circle passes through the origin.

Equation of the given family of circles is
(x—aP+(y-0)F =&
e, B-2ax+y’ =0 ' 1)

Differentiating w.r.t x we have,
2x~2a+2yy, = 0 where y, = g—
a = x+yy, and substituting this value of ‘a” in (1) we get,
2-2(x+yy ) x+y =0

ie., yz - =2xy y, is the D.E of the given family.

d d
Now let us replace y, = EE by _d_;

d
yz—x2 =2xy (—-&5}
or j—; = %yﬁ which is a homogeneous equat}on.
: dx dv
Put x=vy .. d—y=v+y3;
(#*-1)

20y2

Hence v+yg§=yz
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‘ d_v-1 dv __(1+0%)
ie., ¥ dy ~ 20 or ¥ dy 20
2v dv dy . .
= - by separating the variables.
1102 v Y sep B
20 dy
= dv+ =
- ’[1+vz I.‘f

ie., log(l+02)+logy=c
ie., log[(l+02)y]=logk (say) where v:x/y

{1+§Jy =k or ¥+1% = ky

ie., 2+ yz—k y=0 and k =2b for convenience.

x2+y2-2by=0 or x2+(y-b)2—b2=0
ie, P+(y-by =¥

This is the equation of the family of circles passing through the origin having their
centres on the y - axis.

Thus we have proved the required result.

0. Find the orthogonal trajectories of the family of curoes s - = 1, where Aois
' ' C a b+ A
the prrameter,
>> Wehave —x-;-+—2ﬁ—: . {1)
a +A
Differentiating w.r.t x we have,
2 2y dy
—— + =0, wherey, =
2 Fr h=
. x Y%
ie., - = - {2
P @
- -2 -
Also from (1) —J"g—ls—zji or 122“ = 21’2 A3
a b+ a b+ A .
Now, dividing (2) by (3) we get,
X yy‘[ X y]

277 2z
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Now let us replace y, = % by -+

x 1 dx (xz-az) . ,
xz-—az = _b; [——&—y-) or ydy-= -—--x———dx by separating the variables.

= Jydy:—_[xdx+a2 I%'FC

' Iﬁ—i+azlo X+e¢
ie., 5 =2 g

Thus ¥ +17 -2 dzlogx— b =0 where b =2c, istherequired orthogonal
trajectories.

. o L . . 3 2 R
91, Fimd the orthogonal trajectories of tiwe fanuly of conul cirdes 3 v y™ #2A X400 = 0,
A being the paranieter.

TOR

- - . . . b
Show that the orthogunal trajectortes of a family of coaxrd vircles 2t Vor2hx+c = ),
7o being the parameter wsaiso a sistem af coaxial crcle

>> Consider 2 +y* +2Ax+c = 0 ().

Differentiating w.r.t x we have,

2&+2yy, +2A = 0, wherey, = %

= -{x+yy,) and substituting this value in (1) we get,

(x2+y2)—2(x+yy1)x+c =0

ie., yz—xZ—nyy1+c=0 or —2xyy1:x2—y2—c
P
Now replacing y, = % by —E-’E we have
dx ¥-y-c & x  (y+c)
dy 2xy Cdy T2 2xy

ie. hd—x—ﬁz—(y+-;) ' Q)
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Now put A=t - 2x£= at

dy ~ dy
df i c
Hence (2) becomes — - — = — + =
ence (2) beco dy "y [y y]

Thisisalinearequation of the form
dt -1 c
——+Pt = (Q, where P =~~~ and =-|y+&
-1
Hence /7% - efjdy —plogy 1

The solutionis te!P4V = _[(‘)_.‘,’jpdy'dy-&c1 '

¢ c)1
ie., —= | —|y+=1—dy+
y I(nyycl
t 1
~=— ldy-c¢ | = dy+c
i " [dy Iyz y+eq
ie, §=—y+§+cl or x2=—y2+c:|-cly

12+y2—c1y—c=0 ; Let —¢; =2 and -¢ = ¢,

Then 2+ V+2p y+c, = 0 (wis the parameter) is the required orthogonal
trajectories which is also a coaxial system of circles.

92, ffuex, y) and vy, yoar oo fintctions satisfying the condibions

dir o oo iy
Comew e and e -
Ay oy EAY i

renfy that the fanuly of cotes u i x, yY o= ) and vy, yy = o where v and

wrarbilrary constants are crtnogonal  trajectories of cuch other,

>> Itis enough if we show that the product of the slope of the tangents of the two
family of curves at the point of intersection is equal to — 1.

Consider # (x, y) = ¢, and differentiate w.r.t x treating y as a function of x. This will

give us .
| dy _ _ %u . du
u + o = 0, where u, = I and My
dy _ % _
- "u ™ (say)

el
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Similarly for the family v (x. ¥) = c, we canobtain

dy _ U _
ol —;; =m, (say)

Now consider the product of the slopes of the tangents which being m, - m,

13 [4 Hx'U

o, m X X o X
1" 7 Ty Ty T .
L
But, we haveby data u, = v and v, = U,
v, -~
Hence ml-m2=—ﬁ——51=—1
9‘ y

93. Show that the family of parabolas _1/" = da (x + 1) s self orthogonal,

»>> Consider y2:4a(x+a) ‘ (D)
Differentiating w.r.t. x, we have
W4y Lt -4y
2ydx_4ﬂ L= where y, dx

Substituting this value of ‘2" in (1) we have,

L
Vo= 2y | v

s

or ¥y = 2xy1+y_r{§

Thus we have, y:2xy1+yy§ (@)

" This is the D.E of the given family. |
Now replacing y, by - 17y, , (2} becomes

y=2x :-1—\+y(:v1~2 or y = —_Zx =
W) %

yyPt2xy, =y ..(3)

{3) the D.E. of the orthogonal family which is same as (2} being the D.E. of the given
family.

Thus the family of parabolas v = da{x+a) isself orthogonal.
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. : . : v i
9. Find the orthogonal trajectories of the family of curves - —— + -

i PARInerer.
(O
i

2

Show that the family of conies =~ -+ +
| b+ A

as o+

2 1

=1
P S Y
Differentiating w.r.t x we have,

2x 2yy, x

+ =0 or
a+h B+r

>> Consider

-+

k]

= 1, where X is

a4+ A b2+ 2

= 1, where A is a parameter 1s self orthogonal.

_ ¥
P+r B

()

(2)

We have to eliminate X to obtain the D.E of the given family.

We have a property in ratio and proportion that if

¢ o
Pl then it is also equal to

)

.. (4)

a~c .4 _c a-c
b4 Thatlsb—d Also .y
Hence (2) becomes, ]
x __ylﬁ x+yy,
ateh Baa 2% - b
x X+ yy, d ¥ X+ yy,
= = an =
PLES S Y B+ -
. X x+yy1
ie., =
aeh P-p
: x+yy
and - = Y
P+ -y, (a —bz)
Now (3)xi+(4)xy will give us
2 x(x+yy, ) y(x+yy)
X v 1 1

ed Paer (a-p?)

+
-yl(az-bz)
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Using (1) in the L.H.S we have,

x+yy, v
1= a?‘—bz (x—i—’;} or (x+yy]) (x—-i) = a1 ... (5)

This is the D.E of the given family.

Now replacing y, by-1/y; in(5)we get the D.E of the orthogonal family.
ie., [x-;"'—](x+yyl)=(a2_b2) ... (6)
1 :

It may be observed that (5) and (6) are identically equal. In otherwords the D.E of the
given family and the orthogonal family are the same.

Hence the given family of conics is self orthogonal.

95. Given y = ke~ 243y, fird @ member of its orthagonal trajectories passing through the
point (0, 3).

>> y=ke“2"+3x .- (1)
Y _ g
dx

ie., % = ~2(y-3x)+3, by using(1). [ kis eliminated ]

This is the d.e of the given family and now replacing dy by ~ -3 we have,

dx

dx dx
—— = 2 3x}+3 or -——2 6x+3
2, = "2y dy = (6x43)

'is the d.e of the orthogonal family which has to be solved.

dy

j_‘;+px_Q where P = 6 and Q = (2y-3)

We have E+6x = (2y-3) whichis of the form

Solution: xedP¥ = ¢+ IQe Pdy gy
ie., xe® = c+ J(2y—3)969 dy

6y

: P P '
ie., xed = c+9(2y-3) rule (2) 3% , by the product rule.
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6y Oy
' by _ 2y &l _ g7
ic., xe —c+{(2y 3) 6 18} o (2)

This is the O.T of the given family, Further to find a member of this family passing
through the point (0, 3) we have from (2),

18 18
e [
0= C+{3? - '1—8_}

: _._as{l 1 .. 8 18 __4 1
ie., c=e€ (2 18) or C—18£’ W C = 98

Using this value of ¢ in (2) we have,

6y 6y
6y . _4 18 _ay &7 e
xe™ = 5 ¢ +{(2y 3) 3 18}

or 18x e = -84 Y (6y-10)
Thus 9xé® = —g¢®+ (3y-5) €Y is the member of the orthogonal family
passing through the point (0, 3).

96. Find the O.T of the family r = a2 {1 +sin0)
>> Wehaver = a(1+sin)
= logr = loga+log(1+sin®)
Differentiating w.r.t 8 we have,

1dr cos B

=0+ ——
r do 1+sin®

Repl.:incing ;% by—rzgg- we get,

1 _’2@_ _ _cosB
oy dr |~ 1+sin®

_ de cos 0 1+sinB dr . _
e, ar T Tveme cos B dg = - . by separating the variables.
Hence I dr + 1+sind an = ¢

r cos B

e,  logr+ Isec9d6+jtan9d9=c

ie., logr+log(sec8+tan8)+log(sec6) =
ie., log [r(secﬁ +tan9) secﬂ] = logb (say)
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N , 1 4 sin @ 1 - b
cos®@ cos® |cos®
r(l+sm6)=b or r(1+51r216)=
cos? @ (1-sin’8)
Thus r = b(1-sin0) is the required O.T.

97. Find the O.T of the fanuly 2a/r = 1 -cos 0
>> We have 2a/r = 1-cos®
= log22-logr = log(l-cos6)
Differentiating w.r.t 8 we have,

-1 dr sin6

r d0  1-cos®

Replacing ;% by - o % and simplifying R.H.S we have

-1 (_rz;_fg] _ 2sin(8/2)cos(8/2)
r dr 25in? (6/2)

fe., r§=cot(0/2) or tam(ﬂ;‘Z).:IG:d—l'_r

dr
T Jtan(or2)de = c

- _log sec (8/2) =
fe., logr (1/2) ¢
ie., log [r/ sec? (/2 )] = logh (say)

= r/sec2(9/2)=b or rcosz(9/2)=b

This is the required equation of the O.T which can be put in the following form.

r—%(l+c059) =b or r{l+cos®)=2b

Thus 2b/r = 1+c¢o8@ is the required O.T.

- am Em mr om o o mh wr A m W ey M S W M E o Er W W W W & W oE m Em om om = w

e e ay aa m om om W o owm =
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98. Find the O.T of the family 1+ cosn 8 = a”
>> Wehave t"cosne = 4"
= nlogr+log(cosn9)=nloga

Differentiating w.r.t @ we have,

E—d—r —sinng =0 r li{—tannﬁ‘
r do cosn® |~ g do
. dr de
Replacing 1 by -7 7, Wehave,
l _rziﬁi = tann® or —rg—g:tannﬁ
r dr dr
do dr ’ , .
tannd = =y by sep.aratmg the variables.
= -‘-{f+ IcotnGdE}:c
r
te., Iogr+%log(sinn9)=c or nlogr+log(sinnB) = ne

ie., log ("sinng) = logh (say) oo

99. Find the orthogonal trajectories of the family of curves ¥ = " cos no

>> ™ = a" cos n@
= nlogr = nloga + log (cos @)

Differentiating w.r.t 8 we get,

_r;__si[_______—nsinne or lﬂ* tann g
r d60 ~  cosnd rde

0
Replacing ﬁ% by —1? j_r we get

l(—rziqj=—taJ:'mE)
7L dr

: 46
fe., r e =tann0
ot

40 dr d-
_— i d —_—
tanno ;= _[ . J-cot ne de = ¢
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ie., logr ~ ;1; log (sinnB) = ¢ or nlogr — log{sinnB) = nc

ie., log l:sir:nnB] = logk(say) = " = ksinnd

Thus ¢* = ksinn 0, is the required orthogonal trajectory.

100. Show that the orthovonal trajectories of the fanuly of cardioides v = a cos? (820
another family of cardicides v = b sin® (8/2)

> We haver = a cos? (6/72)
= logr = loga+2logcos (6/2)

Differentiating w.r.t 8 we have,

1 dr 1 , 1
T E 942 —=—— -sin(8/2) - 5
28" 02 weieny  CSR82) 5
. 1 dr
ie., ; B—--tan(B/Z)

Replacing % by - rz-?i% we have,

1 49
" (—F;J = —tan (9/2)

ie., -7 %% = —tan(0/2) or cot(8/2)d0 = %i by separating the variables.

. ]d—:- ]cot(exz)de'

il
a

ie., logr—2logsin(8/2) = ¢

) = log b {say)

ie.,

r
8 [sinz (6/2)
Thus r = sin’ (8/2)is the required O.T..

101, Find the orthogona! trajectories of the fumily of crirves v~ 4a sec B tan b,
>> Wehaver = 44 secBtan®

= logr=log(4a)+log(sec9)+log(tan8)

Differentiating w.r.t @ we have,
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1dr o4 SecOtan® + sec’ @
r 4o sec B tan 0
) 1 dr tan29+sec29
ie., -
r de tan 6

d
Replacing d—;- by - 2 % we have,

1 _’2@ _ta.n29+5e-c2l3
r dr | — tan 0

tan © dr
or —5 ————5—dB = — by separating the variables
tan® 8 + sec> @ —7y YSEP 5

= I%I+J—2‘t§9i~——d9=c

sin8/cos 0
sin” 8/cos? 8 + 1/cos? B

fe., logr+ _[ dé = ¢

sinBcos O

e, logr+ de = ¢

sin?8+1
ie., logr+%log(1+sin29) = ¢

e, log [r V1 +sir129] = logb (say) = rV1+sin28 = b

Thus r* (1+sin?8) = I, isthe required O.T.

102, Find the orthogonal trajectories of Bie family of Lemmisoates 1 = a® cos 2 0
>> Wehave, 2 = a%cos26

= 2logr = 2loga+log(cos26)

Differentiating w.r.t 8 we get,

2 dr -2sin28 1 dr
rdd  cos20 or r de——ta.nZB
dr do
Replacing 0 by - 1 ar weset .
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dr
=5 j?—jcot29d9=c
. 1 - ,
ie., logr-—*ilog(smze) =
ie., log [m] = logb(say) > r =bVsin20

Thus ¢ = BPsin28, isthe required O.T

B> Wehave(r+$]c059 =4

= log {r+-€-}+logcosﬁ = loga
Differentiating w.r.t® we have,

SR

r4—
e r_ ' dr - tan®
© PR R d
Replacing % by -rz%?- we have,
r -2 rzd@}
‘ —-r"~— | =tan®
A [ ar ) ="
ie., ﬂ;zrz-j;-z—l [—@J = tan 0
or -;:B = r(rj;_kiZ) dr by separating the variables
(2+12)
————d t6do =
= 'llr(rz-kz) r+Jco ¢
But ads -1 + 1 + e . by partial fractions.

r(r=k)(r+k) r  rek  r+k

(1)
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J‘(r2+k2)dr
r(rz—kz)

ie., I%—log(ﬁkz] @)

Using (2) in (1} we have,

]

—logr+log(r—k)+log(r+k)

o
-t
Fa
w
5
==}
e
i
=)
o
>
p——
g
p

log(rz;kZ]HogsinB:c or log{

2 -
Thus (r— 5;— J sinB = b, is the required O.T.

104. Using the concept of orthogonal trajectories show that the family of curves
r=a(sinB+cos8) and r = b(sin® —cos B ) intersect each other ortlogonally.

>>  We shall show that the O.T of the first family » = a(sin®+cos6) is the other
family r = b{sin®—cos9).

Consider r = a( sin @ + cos )
= log r = loga +log(sin® +cos 8)
Differentiating w.r.# 8 we have,

1dr_  cos@-sing
rdd " sin®+cos0
. dr de
Replacing 0 by - a o v have,
1 _ 298| _cos8-sind or _r@_cose—sinﬂ
. dr |~ cosO+sin® dr = cos 0+s5in @
€os 0 +sin § dr . )
w056 —sin B dg = =, by separating the variables.

dr cos B +s5in B
—r—+ ———d8 = ¢

cos G -sin @

le., logr—log(cos@-sin®) = ¢

k r
i, lOg [m] = log k (say)

e r=k(cos®-sin®) or r=—-k(5in0-cos9)

Denoting ~k = b wehave r = b(sin8-cosd) as required.
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105, Show Huet the orthogonal Srageciors s of the ki v (1 —cos Q) = a 15 Hie tondy
ri{l+cos0y) = b whersa bare comshinrs

»> Consider r{1-cos8) = a
= logr+log(1-cosb) = loga
Differentiating w.r.f 0 we have,

1 dr . sin  _

rdd 1-cos®

Replacing f{% by - 2 % and simplifying the second term we have,

1 rzd_ﬁ _ =2sin(6/2)cos(0/2)
ri  dr |

2 sin® (6/2)
. 40 dr ] )
ie., = cot(0/2) or tan(6/2)d0 = " by separating the variables.
dr
- T—Itan(B/Z)dB=c

ie., logr-2log sec(6/2) = ¢

} = logk (say)

ie lo S S
! 8 sec? (6/2)

=5 rcosz(B/2)=k or r-%(l+cosﬁ)=k

ie., r{(l+cosB) = 2k. and let 2k = b.
Thus r{1+cos@®) = b, istherequired O.T.

106. Test for self orthogonality " = asinn®

>> Considerr” = asinnd
= nlogr = loga+log(sinnd).
Differentiating w.r.t 6 we have,

E—d—r- ncosnd t lit—ccutamﬁi
r 4o = sinnB rdo

Rgplacing g'g- by —rzfl&% we have .

% (—rzi—s] = cotnd or -r% = cot nd
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tan 70 40 = -_‘% by separating the variables.

o I-‘i—r+jtann9d9=c

ie., iogr+}0 (s:an) =c¢ or nlogr+log(secnd) = nc

ie., log (7" secn8) = logh (say)

7 = bcosn® is the required O.T and we conclude that the given family is

not self orthogonal.
W7 IFulr, O)Yand o (r, i« vt fincd s satisfuing Hhe o anditions
de -~ du _ : . .
h s T vertfy  tHurb Huotewdy of cnres w f» 8y -y
oy e o T

arthoeonal trajectories of payiy oftop

>>  With the background of polar curves we shall show that

tan ¢, - tan ¢,=—1 where tan¢ = r % in general, ¢ being the angle between the

radius vector and the tangent.

Consider u(r, 6) = a and differentiate w.7.# § treating r as a function of 9

) r dr ~Ug
€., u!’ dB +ua = 0 A a"'e' = T{T
do —rur
We have tan ¢, = r - and hence tan ¢, =
dr Uy
) ~ro,
Similarly for v(r, 8) = b, wehave tan 9, = >
0

(rur)(rvr)

u

tand)] - tang, = o 7

But ru, = vy and rY, = —ug by data.
(Ue)'("ug)
Hence tan¢,-tan¢2=—*———~—=—
iy g

Hence the family of curves u (r, @ )=a and v(r, 0) = bare orthogonal

trajectories of each other.
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EXERCISES
Find the orthogonal trajectories of the following family of curves [1 to 4]

1 y:ax2 2. xy=a2 3. y=a(x+1)

4. P+ +2hy+c = 0, A being the parameter.

5. Show that the O.T of the family of circles having their centres on the y - axis and
also passing through the origin is a family of circles passing through the origin
having their centres on the x - axis. _

6. Show that the family of parabolas 2% = 4a (y+a)is self orthogonal.

Find the orthogonal trajectories of the following family of curves. [7 to 15]

7. r=a sec® (6/2) 8 1 =a’sin26 9. 7" = 4" cosec nB
10. r = a(l+cos@) 11. " =a"(1+cosnb) 12. r = a(1-sin6)

13. r=acoszﬁ 14. r=ae

15. (r - -k;} sin® = a, where ais the parameter.

ANSWERS
1. x2+2y2=c 2. xz—yzzc
3 x2+y2+2r+b=0 4. ,12+y2+2|,x+c=0, } is arbitrary
‘7. r = b cosec® (6/2) 8. ¥ = bcos26
9. 1" = b secné 10. r=b(1l-cos®)
1. " = b(1-cosnd) 12. r=b(1+sinB)
13. * = bsin® 14. (logr)2+92 =)



